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Abstract

In this paper, a theorem of D. Zagier concerning double zeta evaluations
is generalized to the double L-values. In addition, fast computation of the
double L-values is demonstrated, extending the method of Crandall. The PARI

commands are available electronically.
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1 Introduction

In this paper, we will denote by Z, the set of positive integers, and by ¢ the
Euler totient function.

The multiple zeta values of depth d of Euler-Riemann-Zagier are defined
C(ar,a9,...,aq) = Z ny “tny ** - ony
0<n1<na<--<ng
where each a; € Zy, and ag > 1. As mentioned in [2] and [5], these values have
been related to such varied subjects as knot theory, cohomology of motives, and
even quantum physics. By estimating the nested sums, it can be shown that

the sum converges absolutely for
R(aq) > 1, R(a;) >1, j=1,...,d—1

In this paper, each a; will assume only positive integer values.

For Dirichlet characters x1, ..., X4, we define the multiple L-values of depth

L<X17---,Xd> ~ lim 3 x1(n1) - - xa(na) ()

— ar ., pndd
ai,...,aq Nooo o ey ™M ny
where each a; € Z,, if this limit exists. Note that our domain of absolute
convergence for the multiple zetas applies trivially to these values also.

We define the multiple polylogarithm of depth d

xnl PR :I:nd
Li T1,...,Tq) = lim E 2L vd 2
A1yeeey ad( ’ ’ ) N—ooo nllll . n;d ( )
0<n1 < - <ng<N

for a; € Z, and z; € C, when this limit exists. For d = 1, this is the conven-
tional polylogarithm Li,(z) = Y, 2" /n® Note that if each z; is a root of
unity, then our multiple zeta domain of absolute convergence applies to these
values also.

Many evaluations of multiple zeta values have been found (some of which

were known to Euler). Some examples are:

CL2=¢B)  (1.3)= 5¢) - 3¢



((1,4) = 2¢(5) = ¢(2)¢3)  <(1,1,2) = ((4)

€(2.3) = ¢(1,2,2) = ~ 5¢(5) + 3(2)CR)

C(2.1,5) = 12 C(8) + SCB)) — 3C3C(2) + 2¢(3.5)

We will give examples of similar evaluations for double L-values.

We make the following definition.

Definition 1. For positive integers D and m, we denote by Rp ,, the ring
generated by Q((m) and the values of convergent polylogarithms at D-th roots of

unity.

We will use the notation y # 1 to indicate that x is non-principal. D.

Zagier[5] showed:
Let a,b € Zy, withb > 1. If a+b is odd, then ((a,b) lies in Ry ;.

In section 2 of this paper, the methods of [1] will be adapted to prove the main
theorem, which generalizes Zagier’s result to the double L-values.

Many of our evaluations arose initially from numerical computation, before
proofs were found; in section 3, we will outline derivations of fast-converging
series which were used in these computations. In section 4, we give an example
of an actual PARI session confirming one of our evaluations. In the appendix,
we list some evaluations which are special cases of our theorem, and which were
numerically verified.

Throughout this paper, we will denote by ¢p the Dth root of unity e27*/P

for D € Z,. In our proof, we will use the finite Fourier expansion of a Dirichlet

character y of conductor D
D
x(n) =Y e(x)¢p (3)
k=1
where the ¢;(x) are complex numbers. We will use the fact that the cx(x), in

fact, lie in the cyclotomic field obtained by adjoining (p and the values of x to



Q. This is due to the fact that

1 D
ex(x) = 5 D X" (4)
=1

which is easily verified. For example, it can be shown that if x is primitive,
ck(x) = x(k)/G(x), where G(¢) denotes the Gauss sum of the character ¢. In
this paper, we will use (3) and (4) to write multiple L-values in terms of values
of multiple polylogarithms at roots of unity.

We make the following definition:

Definition 2. Let x1,...,xq be Dirichlet characters, and x1,...,xq be roots of

unity. We define the weight of

X1y--+5Xd .
C(ay,...,aq) or L< L > or Lig,, a;(T1,...,%4)
ai,...,a4

to be a1 + - -+ + aq. Further, suppose yi,...,yr each have weight w, and z has

weight v. Then we define the weight of y1 + - -+ yi to also be w and the weight
of y1z to be v+ w.

The consistency of this definition is obviously still conjectural. Notice that all
of our listed evaluations respect this notion of weight. In fact, so also do all
known evaluations of multiple zeta values.

Concerning the conditional convergence of some of the multiple L-values, we

find the following:

Proposition 1. The sum defining either of the following converges:
1) A multiple polylogarithm (2) at roots of unity with x4 # 1.
ii) A multiple L-value (1) with x4 # 1.

Proof. We first show that the defining sum for a number as in i converges. If
aq > 1, we are in Zhao’s domain of absolute convergence; thus, we can assume

aq = 1. We will show the sequence of partial sums in the last index ng4 is Cauchy.



We set

Nd—1

I;:Ll .'.Id_l
Z(N) = Z 4 _aa_1

ar
n .. .n
0<ny<-<ng_1<N 1 d—1

c(n) := Z xy
m=1

Our assumptions guarantee that ¢(n) is bounded. Consider for N € Z_,

and

N n
— Ld
S5 =320 (5)
We will show the sequence Sy is Cauchy in N. For M,N € Z,, M < N,
N on
_ - Zd
n=M+1
By Abel summation, this equals
N
z(N 4+ 1)e(N) z(n)  z(n+1) ‘
S S e S VA A AT ) 7
‘ N+1 +n§+1c(n)( n n+l ) @

The term in parentheses can be rewritten as

O
n-.n% 2t \n  n+1

0<ni<-<ng_i<n 1 a1

ety
D> ;
ay . Ad—1
0<ni<--<ng_1=n Lo M1 (n + 1)

Hence, the second term in (7) can be majorized by a sum y; + yo2, where each
y; is a difference of two partial sums of a multiple zeta value with ag > 1. Since
the sequence of such partial sums is Cauchy, the second term in (7) approaches
zero as M, N — oo.

To complete the proof that a sum as in i converges, it suffices to show
2(N)/N — 0 as N — oco. By inducting on d, and comparing z(N) with an
appropriate integral, one finds that z(NN) grows at most as a power of log(N).

To show that the defining sum for a number as in ii also converges, we define

the partial sums

_ x1(n1) - - xa(na)
TN - Z na1 ---nad*ln
0<ni<---<ng<N 1 d—1 'vd



We now use (3) and (4) to write this as a C-linear combination of the quantities
(5), each of which we have already shown to converge as N — oo. Terms with
x4 = 1 cannot appear in this combination, since, in (3), for x # 1, ¢p(x) = 0,
where D = cond(x). Thus, the sequence {T} also converges as N — oo. This

finishes the proof of the proposition. O

Therefore, we know the multiple L-values include the limits (1) for which

aq > 1, and also those for which x4 # 1 and aq = 1.

2 Main Results

We will denote by pp the set of complex Dth roots of unity, for D € Z, .
Let xp be the quadratic character defined by the Legendre symbol (2)
Some evaluations of double L-values which can be found using the methods of

this section are:

L <X1,3?7) 1) _ % (log 3)Lx73 (3)+ %LX* (1)¢(3)— %in3 (2)¢(2) —Ly_,(4) (8)
L(X;3271) =L ,(4)+ %C@)L,H(z) - 2_96 Ly (1)) )

L<X57 1) = L (1)C(2) — = (11 + 43 + Trg) L, (2)

1,2 12
1G, , . 1G, . . =
_ ZG_e(Tl —irg 4 irg —rq) Ly, (2) + ZG_B(Tl +irg —irg —r4)Ly,(2) (10)

In the last expression, r; = log(1 — ¢7), with ¢ = exp(2mi/5), G. is the Gauss
sum of x5, X, is the odd character of conductor 5 such that x,(2) = i, and G, its
Gauss sum. This is also an example of an evaluation for which the coefficients
do not lie in Q. Note each of these evaluations is weight-preserving. At the
end of this section, we will derive the identities (8) and (9). In addition, more

evaluations of this type are listed in the appendix.



A partial fractions decomposition due to Markett[4] is

1

(m —mn)

1 b 1 b
= > M + N
ma(m _ ?’L)b { c,d mcnd c,d ne
c+d=a+b

7t (11)

where ¢ and d are restricted to the positive integers, and
d—1 c—1
Mll,b _ _1 b Nll,b _ _1 a-tc
s=r(y0y) N (S0
We will substitute (11) into the summands of double sums in order to find linear
combinations of these double sums which equal a linear combination of products
of single sums.

We define the following extension of binomial coefficients:

Definition 3. For arbitrary integers a,b, we define the binomial coefficient

(a) %, a>b
b

0, otherwise

We will use the following to derive matrix identities in this proof.

Proposition 2. Fora,b,c,d € Z,

() )= (D) e

k=—o00

Proof. Note this is a finite sum for a,b,c,d > 0. We have for e € Z and f € C
the power series expansions
i (k)xk T zf:(—nk(f)xk =(1—-x) (13)
—\e (1 —x)et? P k
The second of these is the binomial series, and the first arises from differentiation
of geometric series for e > 0. To show that the first holds for all e € Z, note
that for e < 0,
SOEOSE o

e e —\e

By our definition,

(—k) _ —k(—k(:kl)_;j!(eJr 1)



for 0 < k < —e. This equals

(_1)k+ek(k +(1_)k_(€_)'e — 1) _ (_1)k+e <_e - 1) (15)

Substituting (15) into (14) gives

ki:_eo (‘j) k= ki:_eo(_l)lwre (;‘3—_11):6—1@

1)l R —e—1 ag (=1t 1\ —e—1 T
= 92 Z(k—l)(_z) b 92 (-2 T g

k=0

Thus, the first power series expansion in (13) does indeed hold for all integers
e. Now, the desired sum (12) is (—1)? times the coefficient of z2¢ in the power

series expansion of

.Ib . Ibfc
=z
(1= z)b—ctt (1= z)betl
which is as stated, by the first formula in (13). O

Our main result is the following:

Theorem 1. Let x (resp. @) be a Dirichlet character of conductor D (resp.
E), and a,b € Zy with a +b > 3. In addition, suppose b > 1 or ¢ # 1. Set
m = lem(D, E,¢(D), $(E)) and F =lem(D, E). If x(=1)¢(=1) = (=1)***~,

I ()o w) € Rpm

then

)

Proof. We define for Dirichlet characters x and ¥ and positive integers a, b, N

the partial sums

w(ih)-, 2 e ()=, 2 e




For A,n, N € Z,, we will denote by LC’me the set of Q({,)-linear combinations
of products of terms Li¥ (¢) for a € Zy and ¢ € pa.

In deriving the identities promised by the theorem (including those listed
both at the first of this section and in the appendix), we need the standard fact
that

Jim LiY (z) = —log(1 — ) (16)

holds for |z| = 1,  # 1, where log z denotes the principal branch of the loga-
rithm

—iT i
— < Arg(logz) < 0]

The corollary to theorem 1 requires the following, which is well known (see,
e.g., [3]): For x # 1,
Jm Ly (x,1) = Lix: 1)

Our strategy in proving the theorem is as follows. We will use three tech-
niques for finding Z-linear combinations of Ly- and Ky-double sums which are
equal to an element of LC},\{ m» blus possibly some error terms. In lemma 1.2, it
will be shown that the error terms approach zero as N — oo. The coefficients in
these Z-linear combinations will form a matrix, which will be shown to have full
rank when the weight has the appropriate parity. Thus, in this case, we evaluate
each Ly- and Ky-double sum as an element of LC};\T m» Plus an expression which
approaches zero as N — oco. At the end of the proof, we will resolve the issues
concerning what happens as we let N — oo in these evaluations.

The first of our three evaluation techniques consists of applications of the
“shuffle” relation. This says that for a,b € Z,

N

This follows by observing that both sides equal
N
Z x(m)y(n)
m,n=1 manb

10



We use the finite Fourier expansion (3) and (4) to write the right-hand side
and the last term on the left-hand side as an element of LC ;{Y m- Thus, we have
Z-linear combinations of Ly-double sums which equal linear combinations of

products of single sums. Note that there are no error terms.

Remark: Letting N — oo in (17), we also see

L(i’ ;f) n L(f f) n i_ojl MOV _ Ly, ). b

)

when the sum defining each term converges.

In order to obtain our second evaluation technique, we write
1 N n—1

LN(E:Z)) _nﬁ::; nb ZZ _Zanb)

n=1m=1

Using (11), this equals
N n-1 X N n-1 X(n m )
a b,a B
DIREUTS Bp R CILLINSVED o SR UES LN YR
c+d=a+b n=1m=1 n=1m=1

c,d>0

The first double sum in braces equals

S xaomu) g s —n)

mdane mend
0<m<n<N 0<n<m<N
{3 WO e a)
m,n=1
Y(m)x(n —m)
O<W§L<N mend }
N
Q/J - wa
=x(n{ 3 T gatwe v - (V1)

(19)
where we define for two Dirichlet characters x and

1, x=4v

0, otherwise

5x,w =

11



The first sum in braces in (19) can be written in terms of values of LiY at roots
of unity for various a € Z, by using (3) and (4). The second double sum in

braces in (18) equals

N N-n N
325 A ) w68

where we have the error term

Aiy) -y 3 At @)

n=1m=N—-n+1

The first sum on the RHS of (20) is also a linear combination of single sums. The
error terms may be disregarded, as by lemma 1.2, they approach zero as N — oo.
Thus, we express each Ly (x,%;a,b) as a Z-linear combination of the numbers
Kn(¥,x;¢,d) (where ¢,d range over the positive integers with ¢ +d = a + b)
plus an element of LCY,, (after using (3) and (4) to write single Ly-sums in
terms of values of LiY at roots of unity, for a € Z, ), plus an expression which
approaches zero as N — co.

In order to obtain our third and last evaluation technique, we apply a similar

procedure to the Ky sums:

XU\ s e XM —m) s = x(n = m)y(m)
K <a7b>_1;7nz_l manb _nglmzzl (n —m)onb
N n—1 N n—1
_ ba x(n —m)p(m) ba x(n —m)ip(m)
c,d>0

The first double sum in braces equals

> xX(n —m)y(m) _ g <w7x>

mdne d,c
0<m<n<N
while the second is
N N
>3 UA 57 Sy ()
mcnd mcnd © c,d
n=1 m=1 m,n= ’

N@, )Ly (X, d) — €3 (zi;()

3

12



where

2(1Y) =% 3 sty -

z,y
Thus, we express each value Kn(x,¥;a,b) as a Z-linear combination of values
Ky, x;¢,d) (where ¢, d range over the positive integers with ¢ +d = a + b)

plus an element of LC’;}{ m» Plus some error terms.

Remark: By letting N — oo, we find linear combinations of Ly and Ky dou-
ble sums which equal linear combinations of products of (single) polylogarithms

evaluated at roots of unity, when each involved sum converges.

Set w =a+band v = w— 1. We now have three methods of obtaining

linear combinations of the 4v values

X, ¥ ¥, X X ¥ P, X
w(ig) e (d) (i) ()

(where c+d =a+b, ¢,d € Z,) which equal linear combinations of products of
single sums, plus error terms.
Forj=1,...,v,set p; = (j,w—j) € Zy x Z;. We now order the the double

sums above as follows:
LN<X,¢>WwLN(X,w)’LN(w,x)V”7LN<w,x)7
P1 Pv P1 Pv
..,K(X’w),...,KN(X’w),...,KN(w’X),...,KN(w’X) (23)
P1 Do P1 Pov

Our two partial fractions techniques give 4v linear relations among these num-
bers. We order these relations as follows. First, we list those relations resulting
from applying our partial fractions technique to the first 2v numbers in (23)
in the order listed there (as in our second evaluation rechnique). We list next
the relations resulting from applying partial fractions to the last 2v numbers in
(23) (as in the third evaluation technique). Finally, list the v relations coming
from the shuffle relation (the first evaluation technique). We will assume these

5v relations are written as equations with all double-sum Ly and Ky values

13



which appear written on the LHS, and all other terms on the RHS (error terms
will be disregarded).

We will next construct a matrix of the coefficients appearing on the LHS’s
of these equations, and show that when w has a certain parity, this matrix has
full rank. This implies that each of the numbers in (23) can be written in terms
of the single sums appearing on the right-hand sides of these relations.

The square identity matrix of appropriate dimension will be denoted by I.
We will denote by X;; the ij-entry of a D x E matrix X, for 1 <¢ < D and
1 < j < E. We define a 5v x 4v matrix M by declaring M;; to be the coefficient
in the ith relation (listing the relations in the order given above) of the jth
number in the list (23). The coefficients of the double sums on the LHS’s of

these relations form a matrix. In block matrix form, it is

I Y(-1)B
I ¢(-1)B
M = I A (24)
A I
I P

for some v X v matrices A and B, where P is the v X v permutation matrix with

1’s along the anti-diagonal. Using previous computations to calculate A and B,

we find
d—1 (i1
o g (_qye—1 —(_ i—1(J
Ay =-aaly = e (§2]) = o (U0 (25)
e pafd=1\ i fw—g—1\
By =m = (12 ]) = (M ) = am
Hence,
I —x(=1)AP
I —¢(-1)AP
M= I A (26)
A I
I P

14



where A is defined by (25). Note

(A%)y = (1) wil(_l)k_l (f:;) (}Z; _ 1)

k=1
_ (C1)1 g(_l)k( k > < i-1 >
= i—1)\j—k—-1
By proposition 2, this is
)
Thus,
A =1

It is elementary to see that P? = I. A crucial fact is

Lemma 1.1.

APA = (—=1)"PAP

Proof. We write

(AP); = wi(_ni—l <’;: 11) Otjw = (1) (w Z__J 1_ 1>

k=1

where for integers z,y,

1, z=
5oy Y
0, otherwise
Then )
w fw—k—1\[j-1
APA)y; = (1)1 S (=t (Y
@apay = o e (U (0
w2 w—k—2\[j—1
_ o 1yi—l k(W R -
~ (1) ;Ow( e I
while

w—1 .
afw—35—-1
(PAP); = 3 diann(- (1T

o o (i) me ()

Applying proposition 2 now gives the result. o

15



Our goal is to show the block matrix (26) has full rank when x(—1)¥(—1) =
(—=1)*~! = (=1)2*t>~1. Note that multiplying the fourth row on the left by A
gives the third row; thus, the fourth row is redundant. Eliminating the fourth

row, we define the remaining matrix

M; =

One can verify, using lemma 1.1, that M, ! equals

I -P —(=1)PAP I
1 -P I PY(—1)AP P
2| _yp—1)pAP  —p(-1)PA I W(—1)PAP
—x(=1)PA  —x(-1)PAP A x(~1)PA

when x(—1)1(—1) = (—=1)*~!. To finish the proof of the theorem, it remains to
show that the error terms approach zero as N — oo, and, by analyzing the be-
havior of the sums appearing in our evaluations, to show that these evaluations

really are correct.

Remark: The explicit form of M, ! above can be used to find formulas for
the evaluations promised by the theorem. E.g., in the case of the double zeta

values,

C(kyw—k)=

16



when 0 < k < w and w is odd. More generally, when x(—1)y(—1) = (=1)¥~1,

ZARVES T ey IR

s 0 s} - et

+ (L+ (=1 (=D)L (k) Ly (w — k) i }

-1
= buata(w) + 02 () sE0)
and we define for Dirichlet characters o, 7, w € Z, w > 3,

= 5 dmra—m)

4 B > o(m)r(m+n)
Sj (0', 7') - Z_l minw—J

We now proceed to evaluate the error terms.

Lemma 1.2. Let e and el be as in (21) and (22). Then for any Dirichlet

. o, T . o, T
lim e = lim ey =
N —o0 C, d N —o0 C, d

where ¢,d € Z4, c+d > 3.

characters o, T,

Proof. In each case, we majorize by taking absolute values inside the summation.
It is enough to consider the cases c =1, d =2, and ¢ = 2, d = 1. By symmetry,

we need only show that

N N ]
1\}13100 Z Z men 0

n=1m=N+1—n

17



By estimating the inner sum, the above sum is

11 & 1 log N 1 X 1
O{N;E‘Lgnw“—n)}zo{ N +N+1n_1(5+N+1—n)}

by applying partial fractions. Estimating the last sum, we obtain O(log N/N)

for this sum also. Thus, the above limit is zero, as required. o

Hence, all error terms which appear approach zero as N — oo. To finish
the proof of theorem 1, we now show that the evaluations obtained from our
method actually are correct (i.e., that our manipulations of infinite sums are
valid). Sums may appear in our evaluations which do not converge as N — oo.
We will show that the summands in which these non-convergent sums appear
approach zero as N — co. We define

1
v(1) = ; -
Let Sy be one of the values in (23), which we know to converge. The verifi-
cation may involve applying (3), (4), and proposition 1, if the convergence is
conditional. We write the evaluation of Sn resulting from solving the system
of equations from which M; was constructed (ignoring the error terms) in the
form

SN = po(N) + p1(N)Cn (1) (27)

where for j = 1,2, p;(N) is an element of LCY,,, and each term Li,(x) which
appears has either a = 1 and « # 1, or a > 1 (so that each term converges as
N — 0). Since we only consider weights w > 3 in theorem 1, we do not here
consider the term (y(1)2, which could only result from evaluating a number
of weight 2, since each of our evaluation techniques is weight-preserving. Now,
dividing both sides of (27) by (n (1) shows p;(N) — 0as N — oo (since the other
terms do). In fact, our proof shows that p;(N) is a finite linear combination
> a;LiY (z;) where each o € Q((m), ©; € ur, and ¢ = w — 1. Since w > 3,

each summand of p;(N) has weight > 2. Hence, p;(N) = O(1/N) at worst.

18



Since (y(1) = O(log N), limyn_,00 p1(N)¢n(1) = 0. Thus, the contribution of
the last term on the right side of (27) approaches zero as N — co. This finishes

the proof of theorem 1. O
In order to deduce the corollary, we will need the following proposition.

Proposition 3. Leta € Z, a > 1, D € Z,, and { be a complex Dth root of
unity. Set m = lem(D, ¢(D)). Then Lig(C) equals a finite linear combination

J
Z a;L(a, x;)
j=1

where each a; € Q(¢n) and each x; is a Dirichlet character with conductor

dividing D.

Proof. Set ¢ = (¥, where (k, D) = 1. We write

D 1 D
Lia(Q) =D ¢80 D —=>_
=1

"0 =1 n>0
n=l (D) n=l/(,D) (D/(l,D))
_ 8] D \—1 ~ I
= ; (l,g)a(b(m) ;X(U,—D))LX(G)’

where the last sum is over all characters x of the form xov, with ¢ a primitive

character mod (I, D), and xo the principal character modulo (I, D). O

Our proof of theorem 1 actually shows L(, ¥;a, b) can be written as a finite
sum ) a;ljm;, where each a; € Q(Gn), and each [; and m; are values of single
polylogarithms at F-th roots of unity. Combining this fact with proposition 3,

we have the following corollary.

Corollary 1.1. With hypotheses as in theorem 1, L(x,;a,b) equals a finite
sum Yy ajlym;, where each l; and m; is either an L-series value or a value of

Liy at an F-th root of unity, and each a; € Q((n).

Remark: One hopes for the following extension of this result to the triple

L-values:

19



Let x be a Dirichlet character of conductor D, and a, b, c € Z, with
¢ > 1. Suppose x(—1) = (=1)¢+b+¢. Then

X: 1,1
L
(a, b, c)
lies in the ring generated by Q((,,) and the values of single and dou-

ble polylogarithms at Dth roots of unity, where m = lem(D, ¢(D)).

The author has made some progress in this direction, for specific choices of x;

however, a proof for general x remains elusive.

We will finish this section by deriving the identities (8) and (9). Let x be

the quadratic character (;3) We will here find evaluations for

(bx 7 (X1 Cand I X, 1
3,1 1,3 2,2

in terms of single L-values and values of Li; at cube roots of unity. We will

need the following partial fractions expansion (which is a special case of (11)):

1 1 1 1 1
n(n —m)3 T min + m(n—m)3  m2(n—m)? + m3(n —m) (28)

Set w = exp(2mi/3). We will make use of the formulas
. 1 T )
Liy(w) = —3 log 3 + - Li,(w) =

where a € Z, a > 1. We find

ZN:’H (n){ -1 1 1 1 }
— X m3 m(n—m)3 m2(n—m)2 m3(n—m)

1, x N Xm—|—n x(m+n) Xm—l—n
=i(3)) - > M s

m,n=1 m,n=1 m,n=1
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plus some error terms which approach zero as N — oo, by lemma 1.2 of theorem
1 . By noting that the second and last terms on the right-hand side of this
expression are equal, we obtain

1,x al x(m+n) 1 N x(m+n)

Ly - Z 3 9 Z 2,2
3,1 mn 2 m2n
m,n=1 m,n=1

plus error terms. Using the finite Fourier expansion x(n) = (W™ —w™")/v/—3,
the right-hand side of the last expression is

\/%_3 (Liév(w)Li{V(w) — LiY (w LY (w™!) — %Liév(w)z + %Lié\f(wfl)z)

_ \/% (20 (LY @)L (@) — i3 (Lif (@)?))

Letting N — oo and applying (29), we see this equals

s {2is (g oe3+ I L) - 566)
-9 (520 - @)
= {0 0 32,(3) - Znc®) - - L))}
= —% log3L,(3) — %C(?)) + %Lx(2)C(2)
= —%10g3LX( )= 5 Lx(1)¢3) + %Lx(2)<(2)
since L, (1) = 7/3v/3. Thus,
L(5Y) = =5 1083E(3) - §LA1KE) + 3Ly

Now, we can use the shuffle relation

L<’1<;> + L(é 3‘) + Ly (4) = Ly (1)¢(3)

since each term of this expression converges. This proves the evaluation

£(}'3) = 508313 + TL0GG) — 3L22) ~ Ly

verifying (8).
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Similar methods show

<(3) =203) o) o) e

K (2 T) =L G?) L)+ L(1CE) - L2)2) (1)

where K = limy_,.o K. Next, we do a calculation:

N
Z X(:lgnm) _ Z ><(77”701;TZ””)_F Z X(qunm)

m,n=1 0<m<n<N 0<n<m<N
L x x(m —n)
=K
N (3, 1) + Z mn?3
0<m<n<N
L x x(n —m)
= K _
N (3, 1) Z mn3
0<m<n<N

By letting N — oo, we obtain

1, x Lx)  w x(n—m)
K(3,1) K(l,?))_m;_l m3n

Subtracting (30) from (31) and solving for L(x, 1;2,2), we obtain

L(;(;) = Ly (2)¢(2) — Ly (1)((3) - L(f;) S ,4217;?) .

n=1m=1

We can calculate the last term as before, obtaining
o0
n=1

Plugging this back into (32), we get

M) Diog3L,(3) — 3 L1103
1

m=

deriving (9).

3 Series for Calculation

In this section, we derive some examples of series which were used to numerically

verify evaluations of double L-values. In order to simplify our formulas, we
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redefine the Bernoulli numbers (3,

i = Z Bat",  R(t) >0, [t|<2r
n=1 n=-—1

and the Bernoulli numbers 3, , associated to a character x

n)e ™ = A R(t) >0, |t|<—=
3o = 3 >0, <>

where D is the conductor of x. Expanding in residue classes gives the formula

D-1 n+1 (D . a)m
ﬁn,x = Z X(a) Z T‘Dnimﬁn—m
a=1 m=0 ’

Using the method of Crandall[2], we derived the following fast-converging series
for numerical calculation at positive integer arguments within the domain of
(not necessarily absolute) convergence:

s—1 oo

1 - 1
C(s) = (5_71)'{”;16"84'—” +Z

j=0mn=1

— 1)' efﬂ
ns—j}

s—l

Ly(s) = ﬁ{z Brxg"*(n+ s)

;€ —gn
nS—J }

Here, and in the following formulas we choose g € (0,27/D). In particular, if

n=1 7=0

D < 4, it suffices to use g = 1.
We will illustrate Crandall’s method in finding a series for L(x, 1; a, b) where
x has conductor D, a,b € Z4, b > 1. We first multiply by I'(a)I'(b) to obtain

Z X b/ / talblftfudtdu
mon

o<m<n

Since the sum is absolutely convergent, we can write this as

oo
Z x(m) /OO /OO pa=lyb=1 ~t—u gy 2.
oy M (m+ n)® Jo Jo

By a standard change of variables, this is

/ / 1= 1 b 1 e—mt —(m+n)u dt du
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= Z X(m)/ / ta_lub—le—m(t+u)e—nu dt du
0 0

m,n=1

We now make the change of variables v = u, w =t + u. Since the Jacobian is

1, this is
Z x(m) / (w — )" b~ le™m W e gy dw
m,n=1 O<v<w
a—1
a—1
= (—1)’“( )Sk
k=0 k
where

St o] w
Sk _ E / / vb-l—k—lwa—k—le—mwe—nv dv dw
0 0

m,n=1

We now split up the domain of integration into three regions. Define
A={(v,w)|0 <v<w<g}

B={(v,w)|0 <v<g<uw}
C={(v,w)|g <v<w}

where g is chosen such that 0 < g < 27/D. Now fA Sk equals

00 g w

Z X(m)/ / ,UbJrkflwafkflefmwefnu dv dw
m,n=1 0 0

Making use of Bernoulli numbers, this is

[eS) g prw
E 6m,xﬂn / / vb-l—k-l—n—lwa—k-i-m—l dv dw
m=0 0 0

n=-—1

The straightforward integration then gives

o0

6m xﬂn b
S — 5 a+b+m—+n
/A b mz::o @to+m+n)b+k+n)?
n=—1
Next, [, Sk equals

L) 0o rg

Z X(m)/ / ,Ub—i-k—lwa—k—le—mwe—nv dv dw
m,n=1 g 0
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Again using Bernoulli numbers, this equals

o fo%e) 0 1
X(m)/ wa—k—le—mw dw - ﬁn/ ,Ub-l—k-i-n—l dv
> x(m) | > B |

m=1 n=-—1

We evaluate the simple integral on the right, and evaluate the integral on the

left by making use of the integration formula

l
I ¢k
1 —ct 34 _ _ _—ct
/t € ¢ dt— —e ¢ Ecl_—kﬂ
k=0
to obtain
g = Rl (a—k—1) gFe ™9 & Bn
A;k_E:“m)Z: 1 mehi Zubik+n
m=1 7=0 n=—

To find fc Sk, we use the integration formula (33) repeatedly:

0 o) w
/ Sk _ E / / vbJrkflwafkflefmwefnv d’U dw
C g

m,n=1"9

dw

%) 00 b+k—1 (b .
1 +E-1)! vt qw
— X(m)/ w® k 1e muw ' (—6 mj) —
m,gzl g jlz::o Ji! neEEI =g
) b+k—1 o) SR PR
_ (b+k_1)' a—k—1_—muw gjle " wlte™ "
= Z x(m) Z T w € {anrkfjl T pbtk—j1 }dw
m,n=1 71=0 9
%) b+k—1 i 0o
_ (b+k—1)' nge nd a—k—1_—mw
= Z x(m) Z o {nb‘i’k*jl w e dw
m,n=1 71=0 9
_ ; Oowa—k+j1—le—(m+n)w dw
nb+kf‘71
)
00 b+k—1 a—k—1
b+k-1) 1 . (a—k—1)
B SRTB ) SL L PR SR
m,n=1 1=0 Jr: ne 2=0 J2t
gj2€7mg a—k+j1—1 (a _k +Jl . 1)' gjgef(m+n)g
J3=
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0 b+k—1 a—k—1
o ! bt+k—1 o
m,n=1 j1=0 il n j2=0 J2:
gj1+j2 a—ktji—1 (a —k+j1— 1)[ gjs
ma_k_j2 o JZO 33' (m + n)a_k+j1 —Jj3 }
3=

Adding up 3775 (—=1)%(*) [ Sk over each of the three pieces, we obtain the
resulting series for L(x, 1;a,b).

In order to calculate numerically a conditionally convergent sum, e.g.,
Lii1(¢71,¢), for ¢ # 1 a root of unity, a somewhat different method is nec-

essary. By integrating geometric series, we get the integral representation

(A=t

Making the change of variables t = C‘lt’ u = Cu’, this is

// 1_@ T

Now we make another change of variables t = e_t/, u = e*". We obtain

C// (1—Ce ut(fie—t—u)dtdu

A last change of variables wy = u, we =t + u gives

711)1 w2
¢ / dw
0<wi<wy (1 —Ce1)(1—e v2)
We can expand the integrand in geometric series and use Crandall’s method to

evaluate this integral also, giving the series

. _ > am—l(c )ﬁn 1 m n — — gm
Lina(¢71¢) = Z W * 'Zam—l@ 1)5
m=1 m=1

n=0
—(m+n)g
p e e
where
D m-+1
D -k 2
= Zak uﬁm,an_" and 0<g< il
k=1 n=0 n! D
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with o a generator of up.
Another example of a value whose defining sum converges only conditionally,
and which lends itself to a similar series is Lis 1(1, (), for s > 1 and ¢ a root of

unity. We find

oo

['(s)Lisa(1,¢) = Z <m+n/ (wy — wy)* " Le™MWzeT WL gy

m,n=1 0<wy <wsz

Using methods similar to the above, we obtain the series

—1 00
1 s—1 i (Q)an ((g™
Lia(1, _1)k {
is1(1,6) (s —1)! k:O( ) ( k > m;:()(s+m+n+l)(k+n+1)
) oo s—k—1
an(¢)g" (s —k—=1)!g'(¢Ce9) ~gymn
+Zk—|—n+1z Z J! mSkJ +Z (Ge
n=0 m=1 j=0 m,n=1
k s—k—1 : :
Z k1 ‘ { Z (s—k—1)! gh*”‘
=0 '1! nk"l‘l_]l 520 ]2| ms_k_.h
S (s —k+j—1)! Jrek
Z 73! (m + n)s—k+ii—js }}

with a,,(¢) defined as before.

Using the Nth partial sum to approximate each infinite series, Crandall
gives error bounds (g/27)" on the pieces in which Bernoulli numbers are used
(which come from the integrals over bounded regions), and e=% for the other
pieces (which come from integrals over the infinite regions). In practice, we used
stabilization of the computed numbers as the criterion for accuracy.

We used the PARI command lindep to find evaluations numerically from
numbers computed using Crandall’s method. It should be mentioned that the
output of this command is not necessarily the simplest integer relation among
the input numbers; all that is guaranteed is a relation involving integers that
are ‘not too large.” Hence, the ‘nicest’ identity which we can derive may not be

the one produced.
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4 A Sample Computational Session

In this section, we give an example of a numerical verification of an explicit
evaluation. Here is the code for a series for numerically computing L(x, 1; s1, $2)

for x a Dirichlet character, s1,s2 € Z4, and s9 > 1:

{bernnew(n)=bernreal (n+1)/(n+1)!}
{k(D,n)=kronecker(D,n) }

{bernchar (D,n)=sum(al=1,abs(D)-1,k(D,al)*sum(m=0,n+1,

(abs(D)-al)**m/m!*abs (D) ** (n-m) *bernnew (n-m))) }
{g(D)=Pi/abs(D)}

{sumdbl (x,y,A,B,N,suml, sum2)=sum1=0. ; sum2=0. ;
for(ql=1,N,
sum2=sum2+x**ql/ql**A;
suml=suml+y**(ql+1)/(ql+1)**B*sum?2) ;

suml}

{dbllseries(s1,s2,D,N1,N2,m,n,j,k1,k2,G)=
Gausssum=sum(k2=1,abs (D) -1,k(D,k2)*a (D) **k2) ;
v=vector (N1+2,x,bernnew(x-2));

ve=vector (N1+1,x,bernchar (D,x-1));
sum(j=0,s1-1, (1) **j(s1-1)!1/j!/(s1-j-1) 1*

(sum(m=0,N1,
sum(n=-1,N1,vc [m+1]*v [n+2] *g (D) ** (s1+s2+m+n) / (s1
+s2+m+n) /(s2+j+n)))

+sum(n=-1,N1,v[n+2]*g(D) ** (s2+n+j) / (s2+n+j)) *
sum(j1=0,s1-j-1,(s1-j-1)!/j1I*g(D)**jlx

sum(m=1,N2,k(D,m) *exp (-g(D) *m) /m**(s1-j-j1)))
+sum(j1=0,s2+j-1, (s2+§-1) 1/§11*(sum(j2=0,s1-j-1, (s1-j-1)

1/j21%xg (D) *#*(j1+32) *
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sum(m=1,N2,k(D,m) *exp (-g (D) *m) /m**(s1-j-3j2)) *
sum(n=1,N2,exp(-g(D) *n) /n**(s2+j-j1)))
-sum(j3=0,s1-j+j1-1, (s1-j+j1-1)1/j31*g(D)**j3*
sum(k1=1,abs(D)-1,k(D,k1)*
sumdbl (q (D) ** (-k1) ,q(D) **k1x*
exp(-g(D)),s2+j-j1,s1-j+j1-j3,N2)) /Gausssum)))))
/(s1-1)1/(s2-1) !}

Here, the command bernnew redefines the Bernoulli numbers to our defi-
nition; the command bernchar does the same for the Bernoulli numbers of a
character. The command sumdbl is a subroutine facilitating the Bailey acceler-
ation exposited in [2]. The dbllseries command computes the double L-value
with upper limits N1 and N2, using the method of Crandall.

In conclusion, we give a session verifying the evaluation (9).

? default(realprecision,80)

realprecision=86 significant digits (80 digits displayed)
? dbllseries(2,2,-3,200,400)

%1 0.554075058010439745649483726026241844251690508101901
722682057224435736724658797 - 6.70254894 E-88*I

?  z2=Pix*2/6

%2 1.644934066848226436472415166646025186218949901206798
4377355582293700074704032008

? z3=rzeta(3,200,400)

%3 1.202056903159594285399738161511449990764986292340498
8817922715553418382057863130

? 11=lser(1,-3,200,400)

%4 0.604599788078072616864692752547385244094688749364246
85852329497881737740721972861

? 12=lser(2,-3,200,400)
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%5 0.781302412896486296867187429624092356365134336545285
42022210006333647205086362996

? 13=lser(3,-3,200,400)

%6 0.884023811750079856743057916871011807747946186117658
93478258741494168416628016992

? 1l4=l1ser(4,-3,200,400)

%7 0.940025680877123768691069445070885991643800309660335
012024137217271135803965594510

? lindep([%1,14,z2%12,2z3%11],50)

%18 = [-9,9,12,-26]

Here, rzeta and lser are commands which compute values of the Riemann

zeta function and L-series using the method of Crandall (for which the series
were given in section 3). We used upper limits N1 = 200 for the Bernoulli
number series and N2 = 400 for the exponential series. The reason for this was
to counteract the lesser accuracy of the latter; we also could have adjusted the
choice of g to balance the two. Observing the stabilization of the numbers, the
apparent accuracy is 70 to 80 decimal places. We can see that the result of the
lindep command in the last line verifies (9). A text file containing PARI code

for these commands and similar ones can be downloaded from the website:

http://www.math.psu.edu/terhune/

5 Appendix: Further Examples of Evaluations

Each of these evaluations was calculated symbolically from a system of equa-

tions, and also verified numerically.
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X-3,1 1 121 13
L( " ) = 51083 Ly_4(5) + == Ly o (1G(5) — 5-La o (2)C(4)
AL B)E) oLy ()2 — Ly, (6)

L<X24271) = L i) + 2L, (2)(2) - % Ly, (1)C(3)
L(*75") = 508DL0) + L (3)63) + Ty L ()C0)
1 7
= 3l ()0(2) = g Iaa (2)C(4) = I, (6)

2,4 128
3 527
16 L4 (B3)63) = 15 Lx-a(1)C(5)
L<X34é1) _ %LX,4(1)C(5) + %LX,4(3)<(3) - gLH(zx)g(Q) - 12—1LX74(6)

527

L<X;,4271) - gLX% (6) + gLX—zl (4)¢(2) — 2Ly, (3)¢C(3) — ESLX*“(DC(‘S)
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