
Evaluations of a Class of Double L-values1

by David Terhune

Abstract

An analytic proof of an evaluation theorem for the `convolution'-t ype
double L -values of non-principal characters is given. Along the way,
Diric hlet character analogues of generalized single and double polylog-
arithms are de�ned. The monodromies of these functions play a pivotal
role.

1 In tro duction

In this paper, we employ the symbol
P 1

m;n =1 to denote

lim
M !1

lim
N !1

MX

m =1

NX

n =1

:

We will use the standard notation e(x) = e2� ix . We denote by ' (n) the value
of the Euler totient function at n 2 Z+ .

For any Dirichlet characters �;  , and a; b 2 Z+ , we de�ne singleand double
L -values(also called multiple L -valuesof depth 1 and 2)

L
�

�
a

�
=

1X

n =1

� (n)
na ; L

�
�;  
a; b

�
=

1X

m;n =1

� (m) (n)
ma(m + n)b ;

respectively. It hasbeenshown previously that the last sumconvergesif  6= � 0,
and convergesabsolutely if b > 1 [1, 8]. It turns out that rearrangement of the
limit symbols leavesthe sum invariant. In this paper, the term double L -value
will refer to a sum of the secondtype.

Multiple L -valueshave previously beende�ned more generally [1], and have
beenshown to havean extensiveand interesting algebraicstructure [4, 7]. In the
special case� =  = 1, L (�;  ; a; b) equals the double zeta value � (a; b). The
connectionsof the multiple zeta valueswith motives,knot theory, and quantum
physics [3, 11] provide someof the motivation for this area of research.

Our main result wasessentially provenin [8] usingmoreelementary methods;
we give here a proof using complex function theory. In the last section, an
explicit formula for a special caseof the evaluations promised by the theorem
is given. This formula was calculated using the method of our proof, and holds
for quite generalDirichlet characters.

11991Mathematics Subject Classi�c ation. Primary: 11M41; Secondary: 11B68, 11B75,
11Y35, 33E20.
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2 Main Results

It is well-known that for any Dirichlet character � and a 2 Z+ such that � (� 1) =
(� 1)a , then

L
�

�
a

�
= A� a ; (1)

for someA 2 Q
�
e(1=D)

�
, where D = cond(� ). Our main result is the following

extensionof this fact.

Theorem 1. Let � (resp.  ) be a non-principal Dirichlet character of con-
ductor D (resp. E), and a; b 2 Z+ . Set w = a + b, F = lcmf D ; Eg, m =
lcmf D ; E ; ' (D ); ' (E )g, and K = Q

�
i; e(1=m)

�
. If

� (� 1) = (� 1)w� 1; (2)

then L(�;  ; a; b) is a K -linear �nite combination of products of positive integer
valuesof L -series of characters with conductors dividing F .

Proof. Let ! be a non-principal Dirichlet character with conductor D , H = f z 2
C : = (z) > 0g be the upper half plane. For � 2 H, de�ne

H
�

!
0

�
(� ) =

1X

n =1

! (n)e(n� ): (3)

By expanding in residueclasses,and using geometricseries,this is seento equal

1
1 � e(D � )

DX

k=1

! (k)e(k� );

providing a meromorphic continuation to the complex plane, and showing

H
�

!
0

�
(� � ) = � ! (� 1)H

�
!
0

�
(� ):

In addition,

lim
� !� 1

H
�

!
0

�
(� ) = �

1
D

DX

k=1

k! (k):

Hence,H (! ; 0) is, in fact, analytic at � 1, with value lying in Q(! ).
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Supposef is analytic on a simply connecteddomain � 3 0. For � 2 �, we
de�ne the operator

I (f )( � ) = 2� i
Z

[0;� ]
f (w) dw;

where the path lies in �. Note that if f (� ) satis�es

f (� � ) = (� 1)m f (� );

whenever � ; � � 2 �, then it follows that

I (f )( � � ) = (� 1)m +1 I (f )( � );

for these� .
Let � > 0. Let � be a simply connecteddomain containing H and a smooth

path 
 starting at 0 and ending at � 1 � i� such that tr( 
 ) � f 0g lies in f z 2 C :
= (z) < 0g.

For Dirichlet characters �;  , and c;d 2 Z+ , de�ne

H
�

�
c

�
(� ) = I cH

�
�
0

�
(� );

and

H
�

�;  
c;d

�
(� ) = I d

�
H

�
 
0

�
H

�
�
c

� �
(� ):

For b0 2 Z+ (with value to be chosenlater), set

J (� ) = H
�

�;  
a; b0

�
(� ):

Lemma 1. For � 2 H, J (� ) equals

1X

m;n =1

� (m) (n)
ma(m + n)b0 e((m + n)� ) �

b0� 1X

k=0

(2� i� )k

k!
L

�
�;  

a; b0 � k

�
;

plus a Q-linear �nite combination of products of functions in the set
n

(2� i� )c; H
�

!
c

�
(� ); L

�
!
c

�
: c 2 Z+ ; ! 2 f �;  g

o
:

Proof. Using uniform convergence,one seesby induction

H
�

�
a

�
(� ) =

1X

n =1

� (n)
na e(n� ) �

a� 1X

k=0

(2� i� )k

k!
L (�; a � k):

By multiplying by H ( ; 0)(� ), applying I b0 times, and using the calculus iden-
tit y

Z
xk enx dx = (� 1)k enx

kX

l =0

k!
l !

(� x) l

nk � l +1 (4)

(after making the substitution x = 2� i� ), one obtains the result.
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Note that by uniform convergenceand lemma 1,

lim
� ! 1

H
�

�;  
a; b

�
(� )

is a Q-linear combination of products of single and double L -valuesof the char-
acters �;  . By induction, one also seeseasily

Lemma 2. The function J (� ) continues analytically to � .

We now require that the simply connected domain � contain no poles of
either H (� ; 0) or H ( ; 0). De�ne

J (1) = lim
� ! 1
� 2 H

J (� );

J (� 1 � i� ) to be the value of the analytic continuation of J along 
 , and

J (� 1) = lim
� ! 0

J (� 1 � i� ):

For c1; : : : ; cd 2 Z, we shall denote the generalizedmultiple polylogarithm of
depth d by

Li c1 ;::: ;cd (z) =
1X

n 1 ;::: ;n d =1

dY

j =1

zn j

� jX

k=1

nk

� � cj

:

As in [6], we view Li as a solution of the formal KZ-equation

dF
dz

=
� X

z
+

Y
1 � z

�
F; (5)

where F lies in the non-commutativ e ring of formal power seriesA [X ; Y ], and
A is the set of functions analytic on the unit disk.

It wasshown by R. Hain [5] that, for c 2 Z+ , the monodromy of Li c(z) about
z = 1 is the function

2� i
logc� 1(z)
(c � 1)!

:

Hain's method may be extended, using (5), to the generalizedmultiple poly-
logarithms. Thesemonodromies may also be computed using the coe�cien ts of
the connection matrices treated by J. Okuda in [6].

We will generalizeLi to non-principal Dirichlet charactersfor depth � 2; our
generalization also solvesan analogousformal KZ-equation. For c 2 Z+ , de�ne
a polylogarithm associated to a character

Li
�

�
c

�
(z) =

1X

n =1

� (n)
nc zn :

By making useof the �nite Fourier expansionof a Dirichlet character �

� (n) =
DX

k=1

� k (� )e(kn=D); � k (� ) 2 Q
�
e(1=D)

�
; (6)
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(where D is the conductor of � ) it follows that the monodromy of this function
about e(k=D) is 2� i times a K -linear �nite combination of products of functions
in the set f 2� i; logm (z) : m 2 Z+ g.

We de�ne a generalizeddouble polylogarithm associated to Dirichlet char-
acters

Li
�

�;  
c;d

�
(z) =

1X

m;n =1

� (m) (n)
mc(m + n)d zm + n ;

for c;d 2 Z+ . Note that our functions H (� ) = Li
�
e(� )

�
. Under this substitution,

our path in � is mapped to a loop basedat 1. This connectsthe value H (� 1)
with the monodromy of Li. We require the following.

Lemma 3. The sum of the monodromies of Li (�;  ; c;d)(z) about all roots of
unity is a K -linear �nite combination of products of functions in the set

n
2� i; log(z); L

�
!
a

�
; Li

�
!
a

�
(z) : cond(! )jG; a 2 Z+

o
;

where G = [D ; E ], and log denotes the branch of the logarithm analytic on
f z 2 C : jzj = 1; z 6= 1g, and such that log(1) = 0. Furthermore, 2� i appears in
each summandto at least the �rst power, and any term not an integral multiple
of

2� i L
�

� 
c + d � 1

�

contains either log(z) or (2� i )2 as a factor.

Proof. The proof of the �rst statement is by induction on d. In the cased = 1,
we write

Li
�

�;  
c;1

�
(z) =

DX

k=1

EX

l =1

� k (� )� l ( )
Z z

0
Li c(e(k=D)w)

e(l=E)
1 � e(l=E)w

dw;

where D (resp. E) denotes the conductor of � (resp.  ). The terms with
c = 1, k=D = l=E each equal an element of K times Li 1;1

�
e(k=D)z

�
, and the

monodromy of this function is easily calculated via the identit y

Li 1;1(z) =
1
2

Li 1(z)2

(proven in [2]), and takes the required form. For the other terms, we follow
Hain. Let " > 0 be small, and � be a circular clockwise path beginning and
ending at e(j =F)(1 � " ) of radius " . We consider the integral

Z z

0
+

Z e( j =F )(1 � " )

z
+

Z

�
+

Z z

e( j =F )(1 � " )
Li c(e(k=D)w)

e(l=E)
1 � e(l=E)w

dw:

The �rst piece is simply the original function. If k=D 6= l=E, we compute the
third pieceby evaluating a contour integral. In the casec > 1 and k=D = l=E,
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we parametrize to �nd the third pieceapproacheszero as " ! 0. The last piece
minus the secondpiece is

Z e(k=D )z

e( j =F + k=D )(1 � " )
g(w)

e(l=E � k=D)
1 � e(l=E � k=D)w

dw;

whereg is the monodromy of Li c about e(j =F + k=D) (which of coursevanishes
if j =F + k=D 62Z). By expanding in geometricseriesand applying (4), we write
this in terms of the required functions and values of classical polylogarithms
evaluated at roots of unit y, which by proposition 3 of [8], can be written in
terms of L -seriesvalues with conductors having the prescribed bound. This
producesthe required form.

In the cased > 1, we write

Li
�

�;  
c;d

�
(z) =

Z z

0
Li

�
�;  

c;d � 1

�
(w)

dw
w

:

By an analogousprocedure,we reduceto integrating 1=w times the monodromy
of Li( �;  ; c;d � 1) about roots of unit y, which by the induction hypothesis,and
(4), takesthe required form. The other assertionsare easyconsequencesof this
procedure.

The condition (2) implies that

J (� � ) = � J (� ); (7)

for � 2 �, with the values correctly de�ned (this plays the role of equation
(2.11) of [10]). By letting " ! 0, this holds for � = 1 also, given our de�nitions.

Let h(z) be the sum of the monodromies of Li( �;  ; a; b0)(z) about all roots
of unit y. Writing

J (� ) = I H
�

�;  
a; b0 � 1

�
;

and making the changeof variables z = e(� ), we seeJ (� 1) equalsJ (1) + h(1).
By lemma 3, (1), and (2), h(1) is (2� i )2 times a K -linear �nite combination of
products of powers of 2� i and positive-integer values of L -seriesof characters
with conductors dividing F .

For � 2 H, by lemma 1 we can write

J (� ) = Li
�

�;  
a; b0

�
(e(� )) �

b0� 1X

k=0

L
�

�;  
a; b0 � k

�
(2� i� )k

k!

+
X

� 2 I

(2� i� ) �
X

! = �; 

n
g� + h� Li

�
!

c�;!

�
(e(� ))

o
; (8)

where I � Z � 0 is a �nite set, each c�;! 2 Z+ , and each g� ; h� is a Q- linear
�nite combination of positive integer values of L -seriesof the characters �;  .
Note each summand in this expressioncontinuesanalytically to �.
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We make useof the elementary fact that for k 2 Z, c 2 R,

(2� i� )k e(c� ) + (� 2� i� )k e(� c� ) =
�

2(2� i� )k cos(2� c� ); k even
2i (2� i� )k sin(2� c� ); k odd

:

By this, (7), (8), and lemma 3, we have for � 2 C such that � ; � � 2 �,

0 = J (� ) + J (� � ) = 2Li
�

�;  
a; b0

�
(e(� )) � 2

b0� 1X

k=0
2jk

(2� i� )k

k!
L

�
�;  

a; b0 � k

�

+
X

� 2 I
2j �

2(2� i� ) �
X

! = �; 

n
g� + h�

1X

n =1

! (n)
nc�;!

cos(2� n� )
o

(9)

+
X

� 2 I
2-�

2i (2� i� ) �
X

! = �; 

n
g� + h�

1X

n =1

! (n)
nc�;!

sin(2� n� )
o

:

Sincethis alsoholds for � = 1, with our de�nitions, we have by uniform conver-
gence

b0� 1X

k=2
2jk

(2� i )k

k!
L

�
�;  

a; b0 � k

�
=

1
2

h(1) +
X

� 2 I
2j �

(2� i ) �
X

! = �; 

n
g� + h� L

�
!

c�;!

� o
;

Setting � = 0 in (9) shows the � = 0 term here vanishes.Now, since(2� i )2 is a
factor of h(1), we can divide by (2� i )2 to obtain

b0� 1X

k=2
2jk

(2� i )k � 2

k!
L

�
�;  

a; b0 � k

�
=

1
2

h(1)
(2� i )2

+
X

�> 0
2j �

(2� i ) � � 2
X

! = �; 

n
g� + h� L

�
!

c�;!

� o
: (10)

We thus have linear combinations of our double L -values written in terms of
single-index sums. We require the following sequenceinversion (which is anal-
ogousto lemma 7 of [9]).

Lemma 4. Suppose f an g1
n =1 , f bn g1

n =1 are sequences of complex numbers sat-
isfying

n � 1X

m =0

an � m
(2� i )2m

(2m + 2)!
= bn

for each n 2 Z+ . For m 2 Z � 0, de�ne rational numbers C0 = 2,

C2m =
� B2m

m(2m � 2)!
;
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for m � 1, where B j denotesthe j th Bernoulli number. Then

an =
n � 1X

m =0

C2m (2� i )2m bn � m ;

for each n 2 Z+ .

Proof. Set f (x) := ex (x=(ex � 1))2. One calculatesusing geometric series
Z 1

0
xs� 3f (x) dx = �( s)� (s � 1);

for < (s) > 2, providing a meromorphic continuation of � . Now, truncating the
integral and calculating residues,using the fact that � (� n) = � Bn +1 =(n + 1),
shows that the coe�cien t of xk in the Maclaurin seriesexpansionof f (x) is one
if k = 0, zero if k = 1, and

(� 1)k � 1Bk

k(k � 2)!
(11)

for k � 2.
Next, using generating functions, one seesfrom a power seriesexpansion

that

(2� ix ) � 2�
cosh(2� ix ) � 1

� 1X

n =1

an x2n =
1X

m =0
n =1

(2� i )2m

(2m + 2)!
an x2m +2 n

=
1X

n =1

n � 1X

m =0

(2� i )2m

(2m + 2)!
an � m x2n =

1X

n =1

bn x2n :

Note that
(2� ix )2

cosh(2� ix ) � 1
= 2e2� ix

� 2� ix
e2� ix � 1

� 2
= 2f (2� ix ):

Hence,
1X

n =1

an x2n = 2f (2� ix )
1X

n =1

bn x2n ;

whence the conclusion follows by multiplying power series and equating the
coe�cien ts, using (11).

Set g =
�
1 + (� 1)b+1

�
=(� 2). We apply lemma 4 in the case

an = L
�

�;  
a; g + 2n

�
;

with bn given by the RHS of (10), after setting b0 = g + 2(n + 1). This proves
theorem 1.
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3 Some Examples

The following examples were computed using the method of our proof. All
characters are assumedprimitiv e and non-trivial. If � has conductor D , then

L
�

�
1

�
= �

� i
D 2

DX

k=1

k2� k (� ); � (� 1) = � 1; (12)

L
�

�
2

�
=

2
3

� 2

D 3

DX

k=1

k3� k (� ); � (� 1) = 1:

Now suppose, in addition,  has conductor E , � (� 1) = 1,  (� 1) = � 1, and
(D ; E) = 1. With a couple of applications of (12), our technique yields

L
�

�;  
1; 1

�
= �

1
2� i

L
�

� 
3

�
�

� i
D 2

DX

k=1

k2� k (� )Li
�

 
1

�
�
e(k=D)

�

+
1
D

DX

k=1

k� k (� )Li
�

 
2

�
�
e(k=D)

�
�

� i
E 2

EX

k=1

k2� k ( )Li
�

�
1

�
�
e(� k=E)

�
:

The �rst term on the RHS seemsinteresting. It should be possible with our
methods to derive such formulas at any positive integer point, in the situation
(2) (although we have not proven this).

Remark: The techniquesherein should, in essence,apply to higher-depth mul-
tiple L -values,and to principal characters. The author is continuing his inves-
tigation into this matter.
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