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Coupled singular perturbations for phase
transitions
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Abstract. The F(Ll(_Q; Rd))—limit of the sequence

Jelw) i= ZB-w),
where F is the family of anisotropic singular perturbations

Ee(u) = / f(x,u(x), eVu(x))dr

0]

of a non-convex functional of vector-valued functions

E(u) = / f(x,u(x), Vu(x))dz

7}

is obtained where f is a non-negative energy density satisfying f(x,u,0) = 0 if and only if u € {a, b}.
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1. Introduction

Let 2 be an open, bounded, Lipschitz domain of RY, and let W be a bulk energy density with
{W = 0} = {a,b}, where N € N and a, b are real numbers, a < b. Starting with the work of
Modica [24] within the van der Waals—Cahn-Hilliard theory of fluid-fluid phase transitions (see also
[25]), singularly perturbed non-convex functionals of the form

I.(u) ::/QGW(u)Jre\vu\z) dz, (1.1)

have been extensively studied in the literature with the aim of obtaining selection criteria and resolve the
non-uniqueness of solutions to the classical “optimal design” problem proposed by Gurtin [22]:

1
Minimize / Wi(u)dz, subjectto a density constraint @ / wdxr = fa + (1 — 0)b,
o} o}

for some 6 € (0, 1). Using De Giorgi’s notion of I'-convergence [13,14] (for a comprehensive intro-
duction to the subject, see [11]), it was shown in [24] (see also [1] and [8]) that I'-lim._,¢ I.(v) = I(u)
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with

T = {KOPem(E) ifu=ypa+ (1 —xp)hb, LYNE)=0LND), uec BV(2;{a,b}), 12

+00 otherwise,

and where Ky :=2 [ f v W (s) ds, thus showing that distributions of the two phases with minimal inter-
facial area and given volume fraction @ are selected in the limit as ¢ — 0.

For generalizations of (1.1)-(1.2) we refer to Bouchitté [7], and Owen and Sternberg [26] for the
coupled problem, where the integrand of I, has the form e~! f(x, u(z), eVu(x)), and to the work of
Kohn and Sternberg [23] where the study of local minimizers for (1.1) was undertaken in the case where
f is convex in the last variable.

The vector-valued uncoupled problem, where u: {2 — R 2 c RV (d € N, d > 1), was studied
in [6] and [19], and here K becomes

. L
K= inf{/ W(g(s)) + ]g’(s)\2 ds: L > 0, g continuous and piecewise C',
)

m—L>=a,mL>=b}. (13)

The case where W has more than two wells was addressed by Baldo [5] (see also Sternberg [28]), and
later generalized by Ambrosio [2].

We adopt to the vector-valued case a framework similar to that considered by Bouchitté and by Owen
and Sternberg in the scalar case. Here I.(u) is replaced by

1
E.(v) = - /Q f(z, u(z),eVu(z)) dz,

and f: 82 x R% x M®N — [0, +00) is a continuous function satisfying the following hypotheses:

(H1) f(x,u,0)=0ifand only if u € {a,b};
(H2) there exists a continuous function ¢ : £2 x R? — [0, +00) such that

1

5 (96w + [§P) < f@,u.6) < Clglu) + [¢)
for all (z,u, &) € 2 x R% x MV and

1

6|u|q —C < g(z,u) < C(1+ |ul)

for some ¢ > 2,C > 0, and for all (z, u,§) € 2 x R? x M*N,
(H3) For any z( € {2 and any £ > 0 there exists § > 0 such that |z — x| < § implies that

|f(17, u, g) - f(l'(),u, 5)’ < 5f($’ua 5)

for every (u, &) € R? x M&N,
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Before stating the I'-convergence result of this paper, we need to introduce some notation.
Givenv € SN~! := {x € RY: ||z|| = 1}, we denote by @, an open unit cube centered at the origin
with two of its faces normal to v, i.e., if {v4,...,vN_1, '} is an orthonormal basis of RY, then

1 1
Q, = {xERN: |x‘ui|<§, |l"l/|<§,i:1,...,N—1}.

Also, if zp € RN and » > 0 then Q(xo,7) 1= x¢ + (—%, %)N, ie., Q(zo,7) = 20 + rQe,, Where

{ej,...,en)} is the standard orthonormal basis of R™V.
Let (a,b,v) € R4 x R? x SN—1 and define the class of admissible functions

A(a,b,v):= {§ € WE>(S,;RY): &(y) = aify-v = —%, Ey)=0>bify-v= %,

and £(y) = E(y + ky;), forally € S, i € {1,...,N — 1}, and k EZ},

where S, is the strip

1
S, = {yERN: \y-y<§},

and where the boundary values of £ are understood in the sense of traces.
We introduce the surface energy density K : £2 x R? x R? x SN=1 — [0, 4-00) defined by

1
K(z,a,b,v) = ;1;%{/@ ;f(:n, E(y), sVE(Y)) dy: & € A(a, b, 1/)}.

v

The main result of the paper is the following theorem.

Theorem 1.1. Assume that (H1)—(H3) hold, and for every ¢ > 0 let J.: L'(£2;R%) — [0, +00] be the
functional defined by

T E.(u) ifue€ H'(2;RY),
(u) ==
+o00 otherwise.

Then J. I'(L'(£2))-converges to the functional Jy: L'(£2;R?) — [0, +-00] defined by

K Ny ifueBV(12
Jo(a) = /Qma*Ao (z,a,b,v(x)) dH" "' (z) ifu € BV(£2;{a,b}),
+o00 otherwise,

where Ay := {x € £2: w(x) = a}, and v(x) stands for the measure theoretic inner unit normal to the
reduced boundary 0* Ay at x.
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Remark 1.2.

(i) The I'-convergence results obtained in the scalar case by Bouchitté [7] and by Owen and Stern-
berg [26] assume that f: 2 x R x RN — [0, ) is convex in the last variable, and, in addition,
require some regularity of f. Precisely, in [26] f is assumed to be of class C3(2 x R x RY),
thus extending the result of Owen, who treated the case of radial perturbations (f is of class
C* and depends radially on &), while [7] requires differentiability of f(x,u,-) at the origin
where it is assumed that f achieves a strict minimum. The proof in [7] is based on duality tech-
niques, and the expression of the I'-limit involves the conical envelope of f(x,u,-), defined by
felx,u, ) = infysg % f(x,u,t,-). Here, we do not assume any convexity condition on f, and al-
though we need to impose some technical growth hypothesis (H2) (and here we recall that convex
problems usually do not require growth conditions, while non-convex, vector-valued problems
use them in an essential way), our regularity assumption (H3) is somewhat milder. For the proof
of Theorem 1.1 we need to use different methods due to the technical nature of the vector-valued
case, and to the fact that the lack of convexity does not allow us to invoke duality arguments.

(i) Taking f(x,u,&) = W(u) + h*(z, &), we recover the result of Barroso and Fonseca (see [6])
concerning the I'(L")-limit of

u »—>/ < (u(z)) dz + eh?(x, VU(fE)))

where W has two isolated (global) minimum points at a,b € R?. Although a priori (H5)
of [6] is weaker than (H3) of this paper, Lemma 2.8 and hypothesis (HS) in [6] imply that
W + (h®)?(-, ) satisfies our hypothesis (H3), where (h>°) is the recession function defined by
h°°(x, &) = limsup,_, h(mt’t@. It can be shown that under (H4) of [6] we have

inf{liméﬂfé (W (ue(2)) + €*h? (2, Vue(x))) da :us — win L' (2;RY),
E— 0

U € HI(Q;Rd)}

1
= inf{lim(i)ljf; (W (ug(x)) + (hoo)z(x,5Vu5(x))) dz:u. — win L ((Z;Rd),
E— 0

Us € HI(Q;Rd)}

and now, in view of the above considerations, we are in position to apply the result of this paper.
We remark that the technique used here to prove Theorem 1.1 is different from that in [6], in
particular in what concerns the existence of a recovering subsequence for the I'-limit, where our
approach in this paper is based on localization methods for I'-convergence, De Giorgi’s slicing
method, and a blow-up argument which was only incipient at the time when [6] was written.

2. Preliminaries

We begin this section by briefly recalling some facts about functions of bounded variations (we refer
the reader to [4] for a detailed study). A function u € L'({2; R?) is said to be of bounded variation, and
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we write u € BV({2;RY), if foralli = 1,...,d, and j = 1,..., N, there exists a Radon measure ;;
such that

ov
/ OTSCLIES | v@dn,

for every v € C!(§2;R). The distributional derivative Du is the matrix-valued measure with components
;. Given u € BV(S2; R%) the approximate upper and lower limit of each component u;, ¢ = 1,...,d,
are given by

ul (z) = inf{t € R: Elir(r)l+ ELNLN({y € 2N Q(z,e): ui(y) >1t}) = 0}

and

1
u; (z) = sup{t eR: El_i}I(l)L S—NEN({y € NNQ,e): u(y) <t}) = 0},

while the jump set of u, or singular set, is defined by

d
S(u) = U {r € 2: u; (2) <uf(v)}.

=1

It is well known that S(u) is N — 1 rectifiable, i.e.,

Sw)=|J K, UE,

n=1

where HV~!(E) = 0 and K, is a compact subset of a C'! hypersurface. If x € 2 \ S(u) then u(z)
is taken to be the common value of (uf(m), e uj(x)) and (u; (z),...,uy (v)). It can be shown that
w(z) € R for HN"lae. z € 2 \ S(u). Furthermore, for HV ~!-a.e. x € S(u) there exists a unit vector
vu(z) € SV normal to S(w) at z, and two vectors u(z), ut(z) € RY (the traces of u on S(u) at the
point x) such that

1 _
lim —N/ lu(y) — u+(x)|N/(N Dy =0
=0 &7 J{yeQ@o.o):(y—z)vu(x)>0)
and
1 _
lim —N/ lu(y) — u*(a:)‘N/(N Yy = 0.
e=0 7 JiyeQ(@o.0):(y—z)vu(x)<0}

Note that, in general, (u;)™ # (u"); and (u;)~ # (u™);. We denote the jump of u across S(u) by
[u] := u* — u~. The distributional derivative Du may be decomposed as

Du = VulY + (ut —u”) @ v, HN 1 S(u) + C(uw),
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where Vu is the density of the absolutely continuous part of Du with respect to the N-dimensional
Lebesgue measure £V and C(u) is the Cantor part of Du. These three measures are mutually singular,
and the total variation of u,

|Du|(£2) := sup{/ﬂudivqﬁ(a:)dz: ¢ € CHRY), [|6]l0o < 1},
is now

|Dul(£2) = /Q |Vu|dz + /S(u) lut —u [ dHN T 4+ |C@)|(92).
We recall that if {u,} C BV(£2;R%) and u,, — u in L'(£2;R%), then

| Dul(£2) < liminf | Du,|(£2).

We say that a set & C {2 is of finite perimeter if xp € BV(§2;R), and we denote by Perp(FE) the
perimeter of F in (2, i.e., Perp(F) := |Dx g|({2) given by

Per(E) := sup{/ div p(z)dz: ¢ € CL(2;RY), [|6]loo < 1}. (2.1)
E

Definition 2.1. Let A C RY be a set of locally finite perimeter and let z, € RY. We say that z, belongs

to the reduced boundary of A (and we write xy € 0*A) if , with Dy 4 = —v|Dx 4|, we have
(i) |Dxal(B(zg,€)) > 0forall e > 0;
1
i) im._ g+ ————— v(x)d|D ) = v(xy);
) 1m0t a3 S XN = (20
(i) ||v(xo)|| = 1.
v is said to be the outward unit normal to the boundary of A at x.
Theorem 2.2 (see [15,20]). If x € 0" A then
. 1 N
51£(§l+ 6_N£ ({y € B(x,0)\ A: (y — x) - v(x) < 0}) =0,
. I~ . _
6£r61+ 5—N£ ({y € B(x,0) N A: (y — x) - v(z) > 0}) = 0.
It can be shown (see [18]) that if Per(A4) < oo then for HV '-ae.z € 2N 0*A
. 1 _ *
Jim HNTH(2N3*A) N (@ + 0Quwy)) = 1. (2.2)

Theorem 2.3 (see [5, Lemma 3.1]). Let A be a subset of {2 such that Per(A) < oo. There exists a
sequence of polyhedral sets { Ay} (i.e., Ay are bounded, Lipschitz domains with 0A;, = HiUH,U---U
H,, where each H; is a closed subset of a hyperplane {x € RY: x - v; = ay)) satisfying the following
properties:
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@) klim LYT((Ar N2\ A) U (A\ (AN )] =0;
—00
(ii) klim Per(Ay) = Perp(A);
—00

(i) HN 1AL NdN) = 0;
(v) LN(AR) = LN(A).

Let &, — 0T. A functional
I:L'(2;RY) — [0, +-00]

is called the I'-liminf (resp. I-lim sup) of a sequence of functionals {I., } with respect to the strong
convergence in L'(£2;R?) if for every v € L'(£2;R%)

I(u) = inf{linnlioréf (resp. limsup) I, (un): u, € L'(2;RY), u, — win L' (Q;Rd)},

n—oo

and we write

I =I-liminf 1., (resp. I = I'-limsup Ign).
n—oo

n—oo

We say that the sequence {I., } I'-converges to I if the I'-liminf and the I'-lim sup coincide, and we
write

I=TI-1lim I,.
n—oo

The functional I is said to be the I'-liminf (resp. I-limsup) of the family of functionals {I.} with
respect to the strong convergence in L'(£2; R?) if for every sequence ,, — 01 we have that

I = F—linrgicgffgn (resp. I=1T- limsupIan),

n—oo

and we write

I = I-liminf I (resp. [ = I'-limsup Ig).
e—0

e—0

Finally, if I'-liminf and ['-lim sup coincide, we say that [ is the ['-limit of the family of functionals
{I.}, and we write

I = I-lim I..

e—0

In order to prove Theorem 1.1, it is enough to show that every sequence {e,} of positive numbers
converging to zero has a subsequence {ey, } such that Jank I(L'(12; Rd))-converges to Jp (see [11,12]).
We divide the proof of Theorem 1.1 into two parts. The first part is dealt with in Section 3 and the second
part is left for Section 4 of the paper.

In the sequel, C' will denote a generic positive constant that may vary from expression to expression.
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3. A lower bound for the I'-limit
In this section we prove

Proposition 3.1. Ler (H1)~(H3) hold and let v € L'(£2;R?) be given. If ¢, — 0 and if {u,} C
HY(2:R% is such that u,, — w in L'(£2;RY), then

1
liminf | — f(z, up(x), £, Vup(z)) dz > Jo(w).
n—+00 J Ep

The proof relies on the following lemma:

Lemma 3.2. Assume that (H1)—(H3) hold, let v be a unit vector and let

@) = b ifx-v>0,
B ifr-v<O.

Let p: R — [0, +00) be a symmetric mollifier and set vy, := P, * U, where pL’V(x) = (i)Np(%)

and {<,} is a sequence of real numbers such that e, — 0.
If {u,} is a sequence in H Q. RY converging in LY (Q.;RY) to uyg, then there exists a sequence
{wy} in HY(Q,: RY) such that wy, — ug in L'(Qy; RY), w,, = vy, on 0Q,, and

1 1
lim sup — [ (z, wn(x), £, Vwy(x)) dz < liminf — f(z, un(x), en Vup(2)) dz.

n—+oo JQu €n n—+00 JQ, €n

Proof. Step 1. Assume, without loss of generality, that

lim inf if(ac, Un(2),en Vg (x)) dz = lim if(:v, Un (), €n Vup(2)) dz < +oo, (3.1)

n—-4o0o Q. En n—-—4oo Q. En

and that u,(z) — uo(z) LV-ae. z € Q,. By (3.1)

/ [ (@, un (), en Vun(z)) do = an/ if(gn, Un(x), £ Vup(x))dz — 0 asn — +oo. (3.2)

v v &N

By (H2) we have that
}un(x) - UO(x)|q < C(f(d?, Up(T), Envun(m)) + 1)7

and by Fatou’s Lemma and (3.2)

C|Q,| — limsup |y, — ug|? da = liminf/ (Cf (@, un(), en Vun(x)) + C — |up — ugl|?) da
n—-rod Ql/

n—-4o00 Qu

> / liminf [C f (z, un(@), en Vun(z)) + C — |uy — uol?] da
Q

» n—-+o0o

> C1Qy|.
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Therefore,

lim sup |ty — up|?dx =0, (3.3)
n—+oo JQu

and in particular, since ¢ > 2, we conclude that u,, — ug in L*(Q,; R% as n — +oo.
Step 2. For simplicity, assume that v = e and denote ), = (). Notice that

@) b ifzy > en,
vp(x) =
" a ifexy < —ep,

and

vp € A(a, b, en), |VUn|loo = O(1/en), supp Vo, C {z € Q: |zn| < en}, and
v, — up  in LY(Q; RY). (3.4)

For each k € N define

1
Ly = {a: € Q: dist(z,0Q) < E}
Consider n sufficiently large (n > n(k) for some n(k)), and divide Ly into M, layers Lg’)n
(i =1,.... Myy) of width e[t — vnl|5) 5. 50 that Mg Jun — vy = OC1/K).
We have that

Mk,n

2
Up, — U

Z / , (1+|un|q+\vn|q+€fl|Vun|2+sflan|2+ [un = 00| )dx

i=1 L(kz)n Hun - vnHLZ(Q;Rd)

o 2
:/ (1 7+ [on]? + 2 [Vaup 2 + €2 [T [ 4 —1n = Unl )da:,
Ly, l|n — UnHLZ(Q;Rd)

and thus there exists ¢ = i(k,n) € {1,..., Mg} such that

Uy, — U 2
/“) <1+|“”’q+|“n\q+éi|Vun|2+e%Ian!2+ [tn = vl >dx

Lin llwn — UnHLZ(Q;Rd)
1 Uy — Uy |?
< / (1 + un|? 4 [vn|? + €| Vun|? + 2|V, |* + [tn = nl )dx. (3.5)
Mipn Jr, l|n — Un”LZ(Q;Rd)

Mk,n

Choose cut-off functions ¢, € C°(Q;[0, 1]) such that ¢, = 0 on |J p

on(Q\ Ly)U (Ué;l Lg;) =: By, Define

Wkn = PknUn + (1 - ka,n)vn'
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‘We have that

k;ll)n;O nh—>ngo Hwk,n - UOHLI(Q;Rd) = 0.

Also

1
lim sup lim sup g—f(x, W 1 (X), € VW () dz

k—oo mn—oo JQ En

1
< lim sup lim sup — f(z,vn(2), e, Vop(2)) dz

k—oo N—00 Ak,n n

k—oo n—oo

1
+ lim sup lim sup " E—f(a:, W (@), € VW () dz
L,in n
1
+ lim E—f(:r Un(2), €0 Vup(x)) de. (3.6)
Q En

n—oo

By (H2) and (3.4) we have

1
lim sup lim sup — f (@, v (@), en VUp(x)) dz
k—oo n—oo JAp, &n

: : c
< lim sup lim sup — (g(z,vn) + 5| Vvp[*) dz
k—oo n—oo JLpN{z€Q: |zn|<en) En

C
< lim sup lim sup — (1 + |vp|? + &3 |Vup|?) dz = 0.
k—oo m—oo JLpN{z€Q: [zn|<en) En

Also, in view of (3.5) and (H2),

1
limsuplimsup [ — f(z, win(2), enVwg,(2)) do
k—o00 n—oo Lg;y)n 13

< lim sup lim sup
k—oo mn—oo Enipn

[t — vn[* > dz
| wn — vnHLZ(Q;Rd)

/ (1 + Jtn]? + [0n]? + 22| Vaun|? + 2| Von
Ly

< lim sup lim sup C'k||u,, — vnH;/2 </Q (1 + |un|?+ [vn|? + e5 | Vun|* + 2| Vo, |?) dz

k—oo N—00
+ e = a2 g
= 0’

where we have used (3.3). Thus, (3.6) becomes

1
limsuplimsup [ — f(@, wgn (), en Vg, (z)) dz < lim (z, un(x), £ Vup(z)) dz.
QEn

i
k—oo M—00 n=ooJQ En
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Using a diagonalization process (see Lemma 7.1 in [9]) we extract a subsequence {k(n)} of {k} such
that, letting w,, := Wkn).n, We have

Jim |wn, — uol|z1 =0,

lim sup if(;c, wn (), en Vwy(x)) dz < lim inf/ eif(a:, Un(2), €0 Vup(x)) dz. a
n—oo Q n

n—oo JQ En

Proof of Proposition 3.1. Step 1.1f u € L'(£2;R?) and LN ({z € £2: w(z) ¢ {a,b}}) > O then for any
sequence &, — 07 and for any {u,} C H'(£2;R%) such that u,, — u in L'(£2; R?), we have

En

Indeed, if for some sequences &,, — 0", and u,, — w in L'(§2; R%)

1
sup | — f (2, un(@), £, Vun(x)) do < +o0,
neNJ 2 €n

then by (H2) and Fatou’s lemma [, g(z, u)dz = 0, and thus w(x) € {a,b} for LN-ae.xz € £, thatis a
contradiction.

Step 2. Consider now the case where u = xa,(x)a + (1 — x4,(x))b and u ¢ BV(2;RY), ie.,
Per(Ap) = +o00. Again, we show that (3.7) is satisfied. We argue by contradiction. Suppose that there
exists a subsequence (not relabeled) such that

1
sup | — f (@, up(x),en Vuy(x)) dz < C.
neNJ 2 En

Then, by (H2), we have

1
sup {g(az, Un()) + &n| Vun(@)[*| dz < C,
neNJ 2 LEn

which, by the Cauchy—Schwarz inequality, implies that

sup ; \ 9(@, un(2))|Vup(z)|dz < C. (3.8)

neN

Setting g(u) := minxeﬁ g(z,u), we note that g(u) = 0 if and only if u € {a,b}, with g(u) > C|u| for
suitable C' > 0 and |u| sufficiently large. In view of Lemma 3.7 in [19], for suitable A/ > 0 the function

1
D(u) = inf{/ \/rnin{g(fy(s)), M} |¥'(s)| ds: v is continuous and piecewise C',
-1

Y= =a, v(1) = U}
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is Lipschitz continuous and |V(® o v)(z)| < vg(w(@))|Vu(x)| for any v € H'(£2;R?), and LV -a.e.
x € 2. Thus

sup || V(@ o un)HLl(Q;Rd) < +o00.
neN

Therefore | D(Pow)|(§2) < +00, and since Pou = (1 — x 4,)P(b) we obtain that Per(Ay) < +oo. Here
we are using the fact that &(b) > 0. Indeed, if ~ is admissible for @(b), by continuity find t; € (-1, 1)
such that

la — b la — b

3

() — b| = forall =1 < s < #. (3.9)

and |y(s) —b| >
Let tg := max{t € (—1,t)): |y(t) —a| = m—gb‘ }. By the Mean Value Theorem it follows that

—b
ja — b forall s € (o, 1). (3.10)

|v(t) —a| >

Set

—b —-b
a::min{ min{g(z), M }: |x—a\>|a3—|and |z —b] > |a3 }

Then o« > 0, and in view of (3.9) and (3.10) we have

1 t t
/ \/min{g(v(s)),M} 7'(s)| ds > a/ |7'(s)| ds > a‘/ 7' (s)ds
—1 to to

—-b
= aly(t) — ()| = Oé|a3—|-

We conclude that $(b) > « |agb| )

Step 3. We look now at the case where u = x 4,(z)a + (1 — x 4,(2))b with Perp(Ap) < +o00. Assume,
without loss of generality, that

lim inf if(ac, un(2),£nVup(z)) der = lim if(ﬂc Un(2), £n Vup(z)) do < +o00.

We must show that

1
lim — [, up(x), n Vg (x)) do > / K (z,a,b,v(x)) dHN "1 (2). (3.11)
n—oo Jo &p 2N+ Ay

Since the integrands i flx,up(x), enVuy(z)) form a sequence of non-negative functions bounded in
L'(£2;R%), there exists a subsequence (not relabeled) and a non-negative Radon measure p such that

1
—f(-, Un(+), EnVun(-)) — u weakly * in the sense of measures. (3.12)

n
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Using the Radon—Nikodym Theorem, we may write x4 as a sum of two mutually singular non-negative

measures o = figHY ! | (2N 0* Ap) + s, Where p, is a suitable Borel function on 2N 0* Ay. We claim
that

pa(x) = K (z,a,b,v(x)) for HN ae. x € 2N3*A. (3.13)

Assuming that (3.13) holds, we obtain

lim if(a:, Un(x), €0 Vun(x)) doz > u(2) > /Q fa(x) dHN T (2 N 9% Ag) ()

> / K(z,a,b,v(x)) dHN " (2),
£2No* Ay

and we deduce (3.11). It remains to show that (3.13) holds.
By Theorem 2.2 for HV~'-a.e. x € 2N 9* Ay we have

.1

plirgh p—NL'N({y € Q(x,p) N Ag: (y — ) v(x) >0}) =0, (3.14)
1

plirgl+ p—NEN({y € Qx,p) \ Ap: (y — ) - v(z) <0}) =0, (3.15)

ua(.%') — lim M(x + pQV(;B))

p—0F HN-1 L(Q N a*A())(fL' + le/(ac))7

and by (2.2), (3.12), and choosing p, — 07 such that (3(x + prQu))) = 0, we have

@+ pQuay)
pa(T) = plilg LR
. . 1
= lim —— lim / — f (Y, un(®), en Vun(y)) dy
k—oo pk n—eo mJ”pszu(z) En
= lim lim PE (2 4 prys un(@ + prt), £n Vn(e + pry)) dy. (3.16)
k— o0 Nn—00 Qu(:c) En
Let
) = tn + pry) =1 tvr@=0
w = Unp\T N U = .
n.k(Y n PLY oly a ify- ) <O.

Since u,, — win L'(£2;R%), and in view of (3.14) and (3.15), we have that

k;li)ngo nll_,ngo Hwn’k B uOHLl(Qu(z)st)

= lim lim | wn e (y) — uo(y)| dy

k—o00 N—00 (@)



312 1. Fonseca and C. Popovici / Coupled singular perturbations for phase transitions

k—o0 N—00

= lim lim [/ |un(z + pry) — bl dy
Qu(z)m{y Yy V(I)>O}

+ \un(x + pry) — al dy]
Qu(w)m{y: y'l’(ﬂ?)<0}

= lim {/ |u(x + pry) — b dy + \u(z + pry) — a| dy
Qu(z)m{y Yy I/(CE)>0} Qz/(z)m{y ) V(Z‘)<0}

k—oo

= lim la — bl dy

[1 /

koo pk (@+PkQu@) | y: (Y—z)-v(z)>0}NAg
1

_I__

/ b — al dy}
Pk (@4pr Quz)My: (y—x)-v(x)<0}\ Ay

=0.

Since Vwy, x(y) = prVun(x + pry), (3.16) yields

Ha(T) = hm lim o —f <x+pky,wnk(y) ank(y)) (3.17)
z/(ac)

k—o00 n—+00

Choose n, € N large enough so that i;’—: — 0, limy—o [|wn, & — woll 210, , me) = 0, and

im [ Pk (Hpky,wnkk(y) s k<y>) dy
lI(I)

k—oo

= lim lim 0 —f <:C+pky,wnk(y) ank(y)> (3.18)
u(a:)

k—o00 Nn—00

Applying Lemma 3.2 to the sequences {wy, 1} and {oy} = {E:—:}, we conclude that there exists a
sequence {&x} C HY(Qua); R%) such that £, — ug in LY Quwy; R%), &, € A(a, b, v(z)), and

1
lim sup a—kf(ﬂf, £p(2), a VEL(2)) dz

k—o0 Qu(z)

1
< lim — [ (@, wp,, k(2), g Vwp, 1 (2)) dz (3.19)
k—oo Quay Ok

Thus, by (3.17), (3.18), (3.19), and taking into account hypothesis (H3), we have

1
o) > khm —f (2, wn, k(2), 0 Vwy, 1 (2)) dz
Qu(ac)

. 1
— lim sup [f(yc Wy (), 0k Vi, 1Y)
k—oo JQua) &

— f(z + prys wn, k(). axVwy, 1 ()] dy
> K(z,a,b,v(z)).
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4. An upper bound for the I"'-limit

In this section we show that I'-lim sup,_,,+ J: < Jo. In view of Steps 1 and 2 in the proof of Propo-
sition 3.1, it suffices to prove

Proposition 4.1. Assume that the hypotheses (H1)—(H3) hold. Given any v € BV({2;{a,b}) and any
sequence ¢, — 0T, there exists a sequence {u,} C H'(§2; R%) such that u,, — w in L'(12;R%) and

lim glf(x Un(2), £ V() dz = Jo(u). 4.1)

n—+oo J

We will achieve this by showing that given any sequence &, — 07, (4.1) holds for a subsequence
{52}} of {e,}. Indeed, recalling the main result of the previous section (Proposition 3.1) we then obtain
that the I"(L")-limit of JEZL?. (u) is Jy(u), which is independent on the specific subsequence {5,73}. In light
of Proposition 7.11 in [8], we deduce that, in fact, .J.(u) I'(L')-converges to Jo(u).

We begin by considering the particular case where u := x 4,(x)a + (1 — x 4,(2))b has planar interface
and f and K do not depend explicitly on x.

Lemma 4.2. Assume that (H1)-(H3) hold, n > 0, let uy be as in Lemma 3.2, and

{b if (x — ag) - v > 0,
u(x) = i
a if(x—ap) v <0,

for some ag € RN . Assume that f does not depend on x. Then, for every sequence <, — 0%, there exists
a sequence {u,} C H'(ap +1Q.; R such that u,, — w in L (ag + nQy; R%), and

lim 1 f (un(@), 0, Vun(2)) de = nV ' K(a, b, v) = Jo(u).
n—=+00 Jag+nQy En

Proof. For simplicity, we assume that v = ey and we denote @, by Q. Let Q' be the projection of Q
on RV Q' :={z € Q: zy =0}.
Case 1. Suppose first that ag = 0 and n = 1. Let L,, > 0 and &, € A(a, b, ex) be such that

1
Jim [ f (). Ly VEn() dz = K(a.b.e). (4.2)
Define
) enlL
b if oy > > k,
k . enLly
Un T) = < 9
@=1a(7) ithenl <
) enlL
a ifey < — 2 i
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Clearly, v,’fb € A(a,b,ey) forall k,n € N, and vﬁ — win LY(Q; R%) as n — oo. On the other hand,

1
/ —f(vﬁ(ﬂﬁ),e?anﬁ(x)) dz
QEn
/ /
TN 1 X TN
- = —V : d
@Ntz: |””N<EnLk}5"f<£ <5nLk EnLk> Ly, £k<5nLk €nLk>) !

/11//22/lka<§k (%m) &c( ;k >> dz’ dz .

Therefore, in view of the Riemann-Lebesgue Lemma, we obtain by (4.2)

. . 1 k k o 1
kli)rgo nlgrolo ; af(vn(w), enVu,(z)) dz = kli)rgo /Q Lif <§k(x), I V{k(aﬁ)> dz

= K(a,b,en).

Since we also have limy_, o lim,, oo ||vF —u|| 1 = 0, a diagonalization argument (see Lemma 7.1 in [9])
produces a subsequence {k(n)} C {k} such that

1
lim —f(vfl(")(x), Eanﬁ(")(x)) dz = K(a, b, en),

n—o0 /g &n
and

lim ||vk'(") — u|| , =0.
n—oo

It suffices to set u,, := vk(”)

Case 2. We now consider the general case where ag € RV, and for n > 0 we define

fo(u, A) == f<u, %)
Set

@) = b ifz-en >0,
Holt) == a ifx-ey <O.

Given ¢,, — 07, by Case 1 we obtain a sequence {v,} C A(a, b, ex) such that v, — ug in L'(Q; R%),
and

lim ifn (vn(x), e Vup()) de = Ky(a,b,en),

n—oo Jo &y

where

1
Ky(a,b,en) := }.gfo{/QLf” <§(a:), Evg(x)) dz: £ € A(a,b, eN)}.
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Note that

1
Kn(aa ba 6N) = EK(GQ ba 6]\7) (43)

For x € ag + 1Q, define u,, € H'(ap + nQ;R?) by

Up(x) 1= vn(x — a0>'
Ui

We have

/ }un(x)—u(a:)|dx: / vn(x —a0> — u(x)
ao+nQ ao+nQ n

=77N/ |vn(x) — up(x)| dz — 0 asn — oo
Q

dr = nN/Q | (@) — u(ag + nz)| dz

Also, in view of (4.3),

1
lim — [ (un(2), £, Vup(2)) do
=0 Jag+nQ En

1 - , .
— lim —f<vn(w ao),g—wn(x a°>) da
=00 Jay+1Q €n n /) 7

— lim 7" /Q % f<un(x),%"vun(x>> da

n—oo

1
= lim " /Q — o (n(@), en V(@) d = nVK,(a,ben) =n""'K(a,ben). O

n—oo
The last step of the proof of Proposition 4.1 uses the upper semicontinuity property of K. Precisely

Proposition 4.3. If (H2) holds then

(i) 0 < K(z,a,b,v) < O(1 + |a|? 4 |b|?) for all (z,a,b,v) € 2 x R? x R? x SN-1;
(i) K(-,a,b,-) is upper semicontinuous.

Proof. (i) Fix (z,a,b,v) € 2 x R4 x R% x SN—1 and let

b
W)= 0—ay- )+

Since £ € A(a, b, v), and in view of (H2), we have

0 < K(z.a.b,1) < /Q F . £@), VEW)) dy < / Cg(. W) + Ve dy

v v

< /Q C(1+ |e@|” + |VEW|®) dy < C(1 + |al? + [b]7).
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(i1) First, it is clear that
1
K(z,a,b,v) = ir>1€ {;/ f(ac, u(y),sVu(y)RT) dy: u € A(a,b,en), R € SON), Reny = 1/}.
s Q

Let (xy,,v,) — (x,v). Given € > 0 choose a rotation R, such that R, ey = v, ., € A(a,b,en),
and s¢, > 0 such that

1
‘K(x’ a,b,v) — / f(I, gs,a:(y)v 35,$v§€,m(y)R;F,x) dy <e. 4.4)
E,r
Let R, € SO(N) be such that R,ey = v, (n € N), and R, — R, ; asn — +o00. We have
1
K (@, a,b,v) < / — f (0 €W, 500 VEea ) RE) dy. 4.5)
e,

Since f is continuous, and &, € A(a, b, en), we have

1 1
F(ns €ea®), 520 VEeaW)Ry) — -

&,x £,x

f (x’ f&,x ), Se,x vfax (y)ng) s

pointwise, as n — oo, and

1
f (IIIn, fg,x (y), Se,x VEE,m (y)R}L)

Se,x

< —max{f(z,u, O): [z < |z[+ 1, |ul < [€ezlloos [€] < V&l

Sex

for y € @, and n € N sufficiently large. Thus, by Lebesgue’s Dominated Convergence Theorem, we
obtain that

1 1
lim —f(l'n,fe,:c(y)a Se:cv&em(y)RZ) dy = / S—f(x, Eex(Y), Sa,zv§s,z(y)R;r,x) dy.

=0 JQ Sex ex

Passing to lim sup as n — oo in (4.5), and taking into account (4.4), we have

limsup K (x,,a,b,v,) < K(z,a,b,v) + €.

n—oo
We conclude the proof by letting ¢ — 07. O

Proof of Proposition 4.1. We divide the proof into two steps:

Step 1: Ay is polyhedral. Let C be the family of all open cubes in {2 with faces parallel to the axes,
centered at points z € £2 N Q" and with rational edge length. Denote by R the countable subfamily of
A(£2) obtained by taking all finite unions of elements of C, i.e.,

k
R::{UCi:keN, Ciec}.

i=1
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Let &, — 0. Since L'(2; R%) is a separable metric space, using Kuratowski’s Compactness Theorem
(see, e.g., [11]), a diagonalization argument, and in the spirit of I'-convergence (see Proposition 7.9
in [8]), we can assert that there exists a subsequence {6,73} of {e,} such that, upon setting

f{5n}(U;A)

= inf{liminfi / f(z,vn(2), 6, VUn(2)) dz 2 v, — win L' (A;Rd), vy € H! (A;Rd) },
A

A

for every v € L'(£2;R?%) and C' € R, there exists a sequence {u%} C HY(C;R%) such that
ugg —wu inL' (C;Rd)

and

1
Fiery(u; C) = lim —/ f(x,ugn(a:),zEfVugR(x)) dz.
n C n n

n—00 55

Claim 1. Fiery(us-) is a finite non-negative Radon measure, absolutely continuous with respect to
HN-I { 0* Ay.

Claim 2. The following inequality holds:

dF, u; -
W(%) < K (zo,a,b,v(x0))  for HN ' ae g € 2N Ap.
Assuming that Claims 1 and 2 hold, we obtain

o dHN=T[ 9% 4,

< / K (z,a,b,v(x)) dHY ! (2).
2Nd* Ay

A, r (s -
Frepw 2= (ﬁ)dHN‘ILO*Ao(x)z/ T ) - 1(a)

onex4, dHN=1] 9* Ay

In view of Proposition 3.1, we deduce that, in fact,

Fiery(u; £2) = / K (z,a,b,v(z)) dHN "\ (2),
" 2Na* Ay

and the conclusion in this case follows by a simple diagonalization argument. To finish Step 1 it remains
to prove the claims.

Proof of Claim 1. For each k € N, let {v}} C H'(£2;R?) be such that lim,, .o [[v} — |1 g:pa) = O,
and

1 1
Frery(u; 2) < liminfE—R/ £z, v @), RVl () dz < Fiery(u; £2) + o

—
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Extract {n(j,k)}; C {n} such that

oo . 1
hmmf—R/f)f(x,vﬁ(x),sﬁVv’n“(x)) dr = lim — /Qf(:v OF (@), ER i 1 VUl (@) da.

oo e IO Enik
We have
PR k R k
dim im e [ (e, ok @ 6 Ve @) do

n(j.k)

1
= lim liminf — / fa,vE@), eRVoki(@)) dz = Fry(u; ).
.Q n

k—o0 N—00 €ZL2

We can extract a subsequence {j(k)} C {j} such that

) 1 R
kli)rgo % /Qf(x,vk(x),anvak(w)) dz = Fi»(u; 92),

where we have denoted ny := n(j(k), k) and v, := v’n“(j(k)’k).

The sequence of measures {u}, where ug = % flx, vp(x), eanVvk(x))EN | £2, is bounded in
M(S2). Thus, there exists a non-negative Radon measure p such that, up to a subsequence (not rela-
beled), pp — p weakly* in M(f2). We want to show that (A) = f{sg}(u; A) for all A € A(£2). To
this end, we will verify conditions (i)—(iv) of Lemma 7.3 in [9] (see also [17]), with 7 : A(£2) — [0, c0)
defined by

m(A) ;= F{EE}(U;A).

Precisely, for any A, B, C' € A({2),

() if CC B C A, then n(A) < n(A\D) + 7(B),

(i) for any £ > 0, there exists C. € A(£2) with C. C A and 7(A\C?) < ¢,
(i) 7(£2) > p@®M),
(iv) w(A) < pu(A).

Note first that (iii) follows immediately from

n(RY) < klim pe(RY) = lim

k—o00

1
%f(:r, vg(x), Efk V() dr = Firy(u; £2) = 7(£).

Let p:RY — [0, +00) be a symmetric mollifier, and define

1
P (@)= W”(%) (4.6)

En
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The sequence {u,,} C H'(A;R%), where @,, := v, if n = ny, for some k € N, and @,, := u * P if
n ¢ {ng: k € N}, is admissible for the definition of F, 0 E5}(u; A). We obtain that !
1
Fiery(u; A) < lim inf — / F(@, (), eR Vi, (2)) do
n n—oo gXx
< hnlgfﬁ/ [ (2, vp(2), € nvak(:r))
< lim sup p15(A) < p(A),
k—oo
thus asserting (iv).
To prove (ii), we first show that there exists a constant C' > 0, such that
Frery(u; A) < CHY (AN Q" Ap) forall A € A(). (4.7)

Indeed, letting u,, := p QKU (n € N) we have, by means of the growth conditions in (H2), and since

Ay is polyhedral,

Fiery(u; A) < lim infgLR / f (2, un(@), X Vuy(x)) do
n n—oo g Ja

1
= liminf —

n—o0 £y J{zeA: dist(z,0* Ag)<eR}

(14 |un|? + (£R)*|Vun?) dz

... C
< liminf —
n—=00 gnr J{z€A: dist(z,0* Ag)<eR )
. LN({x € A: dist(z, 0% Ag) < R
< C'liminf { ( 0 S Epd)

n—00 eR

= CHN (AN d*Ap).

In view of (4.7), and using the inner regularity of the Radon measure CHY~!| 0" Ap, we deduce (ii).
It remains to show that (i) holds. To this aim, let A, B, C' € A({2) be such that C C B C A. For
§ > 0, let B and D? be two elements of R such that B ¢ B, D ¢ A \ C, and

HNY((B\ B%) Nd*Ay) < 6, HYH(((A\C) \ D°) Nd*Ay) < 4. (4.8)

Let {ufg} and {ugj } be sequences in H Y(B%; R%) and H'(D?; R%), respectively, such that uEBf; — uin
L\(B%RY, uly — win L'(D%RY),

1
nlgrgog—R /135 [z, ufné(x), EZ?VueBg(x)) dx = f{azlz}(u;B‘s) < 400, 4.9)
and
1
nll)ngog—R /D5 f(x,u?é(m),sﬁVug(x)) dr = f{sg}(u;D‘s) < +o0. (4.10)
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We may assume, without loss of generality, that
§ 8 .
ufR =p. *u on B, ufR —u in Lq(B‘s;Rd) and LN -ae. x € BY.

The proof of this fact follows along the lines of Step 2 of the proof of Lemma 3.2, where we replace ()
by B?, and v,, by p L*U (now p 1 is given by (4.6)). We also note that in this case supp V(p 1k u) C

{z: dist(z, 0 Ag) < aR} and for each k € N, the layer Ly, in Step 2 of the proof of Lemma 3 2 should
now be taken to be Ly, := {z € B: dist(z,dB) < 1 5t
Similarly, we may assume that

L

5 s .
X =pi xu ondD’  w —u inLY(D’RY) and LN-ae. .z € D°.

A

€

9 . 5 . . .
Extend ufR as p_1_ * u outside BY, and ufR as p_1_ * u outside D?. Note that, in view of (3.3),
n R n R

. BS
nlggo Husﬁ - uHLq(A;Rd) = nlggo HusR uHLq(A;Rd) =0. (4.11)
Write B\ C as a union of M, layers L'” (i = 1,..., M,,) of width ESHUEB; — ugs HIL/ZZ(A.Rd) so that
5 5y1/2
M, - eR[ulf — uli || yay = OCD). (4.12)

We have

My, | _u |2
Z/w (”|“53§|q+|“5§|q+(€5)zlwﬁ§2+<€§)ZIVU?§ ¥ u i )dx
=1 n

H 55 - UER ||L2(A;1Rd)

| — uly
= [ (1 1 g 7 €+ Vg - ) da.
B\C n n U

H 633 - EZ;HLZ(A;Rd)

and thus there exists 79 € {1,..., M, } such that

ully — uB, |2
ﬁﬂ<+mwwmmp< RVl + () V[ + i ] )m
Ly° HuEnR — UEZEHLZ(A;Rd)
! 2 512 2 5.2
< E BT ( + |ug72‘q + |u ‘q ( nR) ‘Vuled + (55) ‘VUEDE|
uly — u§§|2
B “ ) dx. 4.13)

e — ulR 2 amay
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We remark that by (4.9), (4.10), (4.11), and (H2),

! —ulk?
ap [ (1 B B B e R ),
neNJB\C z—:R - 55 HLz(A;]Rd)

= ¢y < +00. (4.14)

Consider cut-off functions ¢,, € C2° (RY: [0, 1]) such that

Pn(z) =0 ifxE( U L<J>> (A\ B),

Jj=to+1
10—1 )
on(x)y=1 ifx e ( U L(,{)> ucC,
j=1
and
IVl =0 : )
Pnlloo = s 1/2
82},?‘”11’53;/3‘ ||L/2(A R%)
Define

9 8
We have that u,, — u in L'(A; R%) as n — oo, and in view of (4.9), (4.10),

Fiery(u; A) < lim infg% / f (2, un(@), X Vun(x)) do
n n—oo n A

< liminf / T, * U, eRv *u))de
=00 {ER (B\BY)U((A\O)\ D?) 4 i " (pf )
1 D’ R
85 /135f T, UR € VusR)dac
1 1 R
5_73 B5 (z, uER,E VUER) dzr + — /L(io) [ (2, un, e Vuy,) dx
n TL n
< limsu / x, * U, aRV xu))de + F, U, D°
n—><>op ex B\B%U«A\@\D‘S)f( p$ (kg ? ) El )

1
. o ;
+ Fiery (u; B )+117rlrlsol<1)p$/]:$0)f(x Up, €V uy) d
< HN((B BY) N0 Ag) + MY (AN D)\ D) N3° Ao) + F (1 DY)

1
+ Fiory (u; BY) + limsup — / o | (@ ns €5 V) da. (4.15)

n—00 5
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By (4.12), (4.13), and the growth conditions in (H2), we obtain that

1
EiR »/L(i0> f(:v’ un(w), 5nRvun(l')) dx

C 2 52 52
< [ (U BRI+ B+ R VB o+ (R Vg
n n
R\2 B% 2
+ IVl — w5 do

< C
= EZ}M B\C

2
+ usy - U€R| )dx
e = ulRll 2 amay

Do 1/2
R HL2(A;Rd)’

) 5 2 52
(1 B B+ ) Valg P+ () Vg

< C()CHug/; —u

in view of (4.14). Thus,

1
lim sup — R /(zm f (@, un(x), RV, (2)) do = 0

n—oo

and we deduce from (4.8) and (4.15) that

Fiery (s A) < 20 + Fiery (u; B) + Firy (us D) < 26 + Firy(u; B) + Firy (u; A\ O).
Letting 6 — O we obtain that (i) holds. This concludes the proof of Claim 1. O
Proof of Claim 2. Since nearby H" '-ae. zyp € 0*Ap, u has a planar interface, we can apply

Lemma 4.2 to deduce that for ¢ > 0 sufficiently small there exists {u'©} C H'(Qyu,)(20,); RY)
such that u{& — w in L'(Q ) (70, €); RY), and

1
eN VK (w0, a, b, v(wp)) = hm —R/ f (20, (), eRVUE () doe (4.16)
—oeE Qu(wg)(®0:€)

Taking into account (2.2) and (4.16), we obtain

d}—{gg}(U; ) (Z’ )_ lim .7:{5;2}(’&; Q,,(xo)(:no,s))
dHN_l L a*A() 0= £—>0+ EN_]

1 1
< lim liminf — / zo, U (x), eXVu'(2)) dz
= e—0+ EN I "n—oo €R Qu(zo)(ﬂﬁo 9 f( 05 Up ( ) n n ( ))

= K (o, a, b, v(z)). O

Step 2. We are now ready to consider the general case. In view of Theorem 2.3, there exist poly-
hedral sets Ay, such that x4, — X4, in L'(2), Perp(Ar) — Pergn(Ag), LN(Ag) = LN (Ay) and
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HN=1(9* A N 3£2) = 0. By Step 1, for every k € N, there exist sequences u — y 4, a + (1 — xa,)b
as n — oo in L'(£2; R%), such that

lim LRf(x, uP(x), 8§Vug“)(ﬂc)) dr = / K (z, a,b, v(x)) dHY (),
3% AR

n—oo Jo eX
where v (x) is the measure theoretic unit normal to 0* Ay, at . Clearly,

i Jim 35— 50, = 0

and for every continuous function h : {2 x RY — [0, +00), we have (see [16,21,27])

lim Bz, (@) dHY () = / h(z, v(@)) dHY (@),
k—00 Jo* AN 0* AgN {2

As K(-,a,b,-) is upper semicontinuous (see Proposition 4.3(ii)), there exist continuous functions
B £2 x RNV — [0, +00) such that

K(x,a,b,8) < hp(x,8) < C|¢|
and

K(x,a,b,&) = i%fhm(x, )

for every (r,&) € 2 x RV, where we have extended K (z, a, b, -) as a homogeneous function of degree
one (see [18]). Thus, for all m € N,

1
limsup lim — x,u(k) x ,5RVu(k) z)) dr = limsu K(z,a,b, vi(x dHN (x
< limsup hon (2, v (2)) dHY 71 (2)

k—oo JO*ARN$2

= B (2, () dHY ().
0% AgNR2

Taking the limit as m — +oo and using Lebesgue’s Monotone Convergence Theorem, we deduce that

1
limsup lim [ — f(z, u (2), ey Vi () dz < / K (x,a,b,v(x)) dHY " (2).
0* AgN {2

k—o00 n—o0 N 87’1

In view of Proposition 3.1, and by means of a standard diagonalization procedure, we conclude the
proof. O
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